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Introduction

Some references for the course:

e Commutative Algebra:

— Attiyah and McDonlad, Introduction to Commutative Algebra

— Matsumura, Commutative Rings
e Algebraic Number Theory:

— Cohen, Advanced Number Theory
— Cassels and Frohlich, Algebraic Number Theory

— Marcus, Number Fields
e Algebraic Geometry:

— Shafarevich, Basic Algebraic Geometry

— Hartshorne, Algebraic Geometry

Note that Szpiro has a course at CUNY that is similar to ours but more specialized in
Dedekind Domains.

Explain the title of the course

Arithmetic: This is the study of constants in which the size of the constants is of importance.
Primarily we want to study:

e N: the natural numbers which are closed under addition and multiplication.
e 7: the integers which are closed under addition, subtraction, and multiplication.

e (Q: the rational numbers which are closed under addition, subtraction, multiplication
and division.



Algebra: Here we study polynomials in Q[T] with variable T. We also want to study these
polynomials as a function of T which produce constants.

Geometry: The study of shapes
Algebraic Geometry: This is the study of solution sets defined by polynomials.
Let f(xz) =Y., a;z". The solution set is

{zeC| f(z)=0}={pi,p2 -0 }

with multiplicities. By the fundamental theorem of algebra,

n

Z (multiplicities of p;) = n.

i=1

Consider a polynomial function of two variables:

flay) =Y aya'y’

i=1 j=1
We want to study all solutions of f(x,y) = 0. That is we want to study the set

{(z,9) eC*| f(xy) =0}

This set is generally an infinite set with some sort of shape. Topologically it is a surface
which may have some points missing.
Arithmetic Algebraic Geometry: We want to study the properties of the solutions to the
polynomial equation f = 0 where f is some polynomial defined over Z or Q.

We have a hierarchy: Arithmetic Algebraic Geometry is built up through a combination
of Algebraic Geometry and Arithmetic. These two areas have commutative algebra, which
is the study of commutative rings, as their foundation.



Chapter 1

Rings

1.1 Rings and homomorphisms

Let R be a ring. We have an object (R,+,-,-). This object contains a set with 3 operations.
The operations are maps from RxR — R. The subset (R,+) is a commutative group, and
the subset (R,) is a semi-group or monoid. In the ring there is an element 0 such that 0x
= x0 = 0 for all x in R. In the ring there is also an identity element 1, with the property
that 1x = x1 = x for all x in R. The ring R also satisfies a distribution law with respect to
the operations of addition and subtraction.

Examples of rings:
1. Z, Q, R, C (note Q, R, and C are fields);

2. Zfz), Qla, Rla], Clz
Definition 1.1.1. If R is a commutative ring, then R[x] is the ring of polynomials over R:

Rlz] = {Zai:ﬁi | a; € R, with operations +, —, and - }

i=1
Definition 1.1.2. Let R, Ry be two rings. A homomorphism from R; to R, is a map
¢:Ri—Re
which preserves the operations:
¢z +y)=ox)+ o),  dlay) = o(x)o(y)

Definition 1.1.3. The kernel of a homomorphism ¢ : R; — R is defined to be the preimage
of 0 and its denoted by Ker(¢).

Ker(¢) = ¢ '(0) ={z € R | ¢(z) =0}
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Note that Ker(¢) measures the injectivity of ¢.
Lemma 1.1.4. The homomorphism ¢ is injective if and only if ker¢ = 0.
Proof. The only if part is obvious. If ¢(z1) = ¢(xg) then ¢p(x; —x2) =0sox; —z5 =0. O

The homomorphism ¢ can be factorized as a compoisition of surjective map and an
injective map

R, Lﬁ H(R1) = R,

The image ¢(R1) is a subring of Ro, while it is a quotient ring of R;.

Some notations

e Surjective map: —»

e injective map: — or —

1.2 Ideals and quotients

Now we want to study the structure of ker¢. Let ker¢p = I.

Property 1 Ifx €l andy €I then v+ vy € I. Thus I is an Abelian subgroup of R
under addition.

Property 2 If x € R and y € I then xy € I. Indeed

¢(zy) = o(x)o(y) = 0.
Note that if 1 € I, then ¢(1) = 0 which implies
¢(z) = P(z1) =0

for all x € R. Thus for the most part, we assume
Property 3 1 s notin I

Definition 1.2.1. Let [ — R be a subset. We say I is an ideal if I satisfies two properties:
l.zel,yelimpliesx+yel
2. xe€l,ye R impliesxy €

Theorem 1.2.2. A subset I of R is the kernel of a homomorphism ¢ ‘R — R/, if and only
of I is an ideal.



Here is some machinery to start: Let R’ denote the quotient R/ ~ of R modulo the
relation ~: where
x1 ~xo if and only if x; —xy € 1.

Step 1. Show this is an equivalence: indeed,
r1—29 €1, x9—123€ I, then 2x1—235€1.

Notation: let x € R. The class of x in R’ is denoted by x + I or  (mod I).
Step 2. Define addition and multiplication on R':

(x1 (mod I))+ (z2 (mod I)) = (x; +x2) (mod I)

(x1 (mod I))(z2 (mod I)) =xyxy (mod I)

Step 3. Show R’ is a ring.
Step 4. Define a map
»:R—R, o¢x)=z (modI).

Show ¢ is a homomorphism and ker¢ = I.

1.3 Special ideals and rings

We want to introduce some special ideals and rings through study of examples: Z, Q, R, C,

Z[x], Qx], R[x], C[x].

Fields

Let I < @Q be an ideal. If I is non-zero, then there is some non-zero element a € I. If ¢ € I,
then a=! € I, so aa=! = 1 € I. Thus the only ideal in Q not containing 1, is the zero ideal.
This leads us to the following definition:

Definition 1.3.1. A Field is a ring whose only ideal is the zero ideal.
Another definition could be:

Definition 1.3.2. A Field is a ring in which every non-zero element is invertible. That is
for all z € R there exists y € R such that xy = 1.

The equivalence of these two definitions is easy to see. If there were some non-zero ele-
ment € R that was not invertible, then (z) will be non-zero and (z) # R. If every non-zero
element of R is invertible then clearly the only ideal of R is the zero ideal.

It is clear that R and C are also fields.



PID

In Z, every ideal is generated by one element N.
I=(N)={Nz|z€Z}.

This is easy to see by considering the smallest non-negative element and applying the Eu-
clidean algorithm. Note these ideals are generated by one element. Such ideals are called
principle. Similarly, using division algorithm one can show that every ideal is principle in
the following rings Q[z], R[z], Clx].

Definition 1.3.3. A principle ideal is an ideal generated by one element.

Definition 1.3.4. A principal ideal domain (PID) is a ring in which every ideal is a principal
ideal.

The ring Z[x] is not a PID. For example the idea (p, z) = pZ[x] + fZ|x] is not generated
by one element. In fact, it can be proved that every idea of Z[xz] is generated by at most two
elements.

Integral domains

Let R be a ring.

Definition 1.3.5. A zero divisor = € R is called a zero divisor if there exists a non-zero
y € R such that xy = 0.

Example 1.3.6. Let R = Z/2*. Notice that x is non-zero in R but z - x = 0. Thus this ring
has non-zero zero divisors.

Definition 1.3.7. We say that R is an integral domain if R which does not contain any
non-zero zero divisors. That is xy = 0 impiles x = 0 or y = 0.

Definition 1.3.8. Let R be an integral domain. The field of fractions Frac(R) is the field

of fractions ¢ (a,b € R, b # 0) with usual equivalence (¢ = § iff ad = bc) and operations
(543 ="9%7% 7= 1)

Prime ideals

Definition 1.3.9. An ideal p of R is called a prime ideal if R/ is an integral domain.

Definition 1.3.10. If p is a prime ideal, then the residue field k(p) of p is defined to be
the fraction field Frac(R/p).

Note that the previous definition is equivalent to the condition that x,y ¢ @ then xy ¢ p.
Definition 1.3.11. An ideal of R is called a mazimal ideal if R /m is a field.
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Lemma 1.3.12. The definition of Maximal Ideal is equivalent to the following condition: If
m s not R and there is no ideal a such that m C a.

Proof. If I is maximal then R/I is a field. If this statement were not true then R/I has
a non-zero ideal J. We have a map ¢ from R to R/I. Now ¢~!(J) is an ideal of R, but
¢~ '(J) 2 I, a contradiction. To prove the other direction, use the same idea as above.  []

Ezample 1.3.13. In the following we want to list all prime ideals of Z, C[z], R[z], and Q[z].
All these rings are PID. Thus every ideal has the form (f). This ideal is prime if and only
if f=0or f is irreducible.

1. Z: The only prime ideals are (0) and (p) where p is a prime. The quotient ring Z/pZ
is a fintie field. denoted IF,,.

2. C|x]: The only prime ideals are (0), and p = (f) where (z — a) € Clz] for some a € C.
The quotient ring C[z]/(xz — a) is isomorphic to C via the map x — a.

3. R[z]: The prime ideals are: (0), (x — a) for some a € R with quotient ring isomorphic
to R via the map x — a, and (22 + ax +b) for some a,b € R with a* —4b < 0, with the
quotient ring isomorphic to C via via the map x — to one of the roots of 2% 4 az + b.
Their quotient rings have the following

4. Q[z]: The prime ideals are (0) and (f) where f is irreducible over Q with quotient ring
a subring embedded into C via x — a root of f(z) = 0. The image of the map Q[a] a
number field.

Theorem 1.3.14. If k is a field and f(zx) is irreducible in klx] then the ideal (f(x)) is
mazximal and k[z]/ f(z) is a field

Exercise 1.3.15. Prove this Theorem.

Remark 1.3.16. Let k[z]/f(z) be denoted as K. Then K contains k and has dimension
n = degf(z) as a k-vector space. In the case k = F,, K is the finite field of with ¢ := p"-
elements. The structure of K is determined completely by the cardinality q.

Lets look at prime ideals of Z[x]. Recall that Z[z] is a unique factorization domain
(UFD). Thus 0 is a prime ideal, and so is principal ideal (f) with f irreducible. If f € Z,
then f = pis a prime. We will prove later that all other prime ideals has the form o = (p, f)
where p is a prime, and f is non-constant polynomial which is irreducible mod p.

11
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Chapter 2

Spectra

2.1 Spectra
We will introduce a topological realization of rings and ideals of a ring A:

Spec(A) =the spectrum of A
=some topological space in which A is

the ring of “continuous functions”.

Definition 2.1.1. Let A be a ring. The spectrum of Spec(A) is the set of all prime ideals
of A.

We also want to develop the notion of a valuation. Let f € A and p € Spec(A). The value
f(p) € k(p) = Frac(A/p) is defined as the image of f in the composition A — A/p — k(p).

Ezercise 2.1.2. Let X denote the interval (0,1). Let C(X) be the space of real valued
continuous functions of X. Find all closed prime ideals of C(x). Show that

Spec,,,C(X) = X

where Spec,,, means take only the topologically closed prime ideals.

FExercise 2.1.3. Show that
SpecC[z] = C U (the zero prime ideal).

Here the isomorphism is viewed as an isomorphism of spaces, C corresponds to maximal
ideals, and (the zero prime ideal) corresponds to zero ideals.

2.2 The Zariski Topology

Now we want to develop the concept of topology for rings such that A becomes the space of
continuous functions. In particular, for an f € A, the set Z(f) should be a closed subset.
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More generally for an ideal I, let Z(I) denote the zero subset of an ideal I in Spec(A),
then Z(I) should be a closed subset. This is because Z(I) is generated by Z(f) by taking

intersections:
Z(I) = Z(f).
fel

Definition 2.2.1. The Zariski topology on SpecA is defined such that all closed subsets are
of form

Z(I) ={p| flp)=0, Vfel}
={plpDI}

To show that the topology just defined makes sense we have to show the finite unions of
closet subsets are still subsets:

Lemma 2.2.2. Let I and J be two ideals in R, then
Z(HhUuZz(J)=2(I-J).

Proof. As Z(I-J) D> Z(I)and Z(I-J) D Z(J),s0o Z(I-J) D Z(I)UZ(J). Let p € Z(I-J),
then o D I-.J. We want to show that either p D I or p D J. Suppose p 2 I, then there
exists x € [\, p Dx-JsopDx-yforally € J. Soy must be in p. Thus p O J and we
are done. ]

We consider the closed subsets of our topology Z(I), where Z(I) is the zero set of an
ideal I C A. Note that if S is any subset of A, then Z(S) = Z(I) for some ideal I.

Questions

1. What functions are non-vanishing on all points in Spec(A)?

2. What functions are vanishing on every point in Spec(A)?

Proposition 2.2.3. Here are answers to these questions:
1. All the invertible elements in A denoted by A*.

2. All the nilpotent elements in A denoted by

Nil(A) := V0= { f € A| there exists n > 0 such that f* =0}.

Proof.

1: For f € A, f is not invertible if and only if (f) # A. By Zorn’s lemma there exists m
such that (f) C m. Where m is a maximal ideal of A. m is prime because the quotient A/m
is field and a field is always an integral domain. If f € m then f(m) = 0. Clearly if f € any
ideal # A, then f is not invertible.

14



2: Assume f is not nilpotent. The set
{/"IneN}n{0} =10

Let I be an ideal such that
{f"IneN}nNI=10

and that [ is maximal with respect to this property. Such as set exists because of Zorn’s
lemma. We need to show that [ is a prime ideal. This will imply that f(I) # 0. This is
quite clear. Let x € A\I, y € A\I. We want to show xy ¢ I. I + () 2 I, so there exists m
such that f™ € I + (z).

Likewise there exists n such that f™ € I + (y).

This implies ™" € I 4 (xy).

So I + (zy) 2 I. Thus zy ¢ I, and we are done. O
When does Z(I) = Z(J)?

Note that Z(0) = Spec(A), Z(f?) = Z(f), and Z(nil(A)) = Spec(A). Thus we can’t conclude
that Z(1) = Z(J) implies I = J. Z(I) = Z(J) if and only if there exists f € I, and n such
that f* e J.

Definition 2.2.4. Let I be an ideal of A. We define the nilpotent root of I as
VI={feA|f"elforsomen>0}.
Erample 2.2.5. .
1. V0 = nil(A)
2. VVI =1
Proposition 2.2.6. Z(I) = Z(\/1).
Now we are ready to answer the question previously asked: Z(I) = Z(J) when VT = +/J.

Proof. One could use the method of proof of Proposition 2.2.3. An alternate method would
be to show that f € A, f|Z(1) = 0 if and only if f € v/I. Now examine the ring A/I and
finish the rest as an exercise. O]

2.3 Morphisms

Morphisms can be roughly described as special maps that preserve some structure under the
mapping. If A — B is a homomorphism, then there is a morphism Spec(B) — Spec(A).
Why is the arrow reversed? Recall that A and B are being viewed as spaces of functions on
their perspective spectra.

15



Definition 2.3.1. For f : A — B be a ring homomorphism, let f*: Spec(B) — Spec(A) be
a map so that f*(p) = f~'(p).

We need to show that f~!(p) is prime otherwise the definition does not make sense. We
have the following diagram:

A — B

1 {
AlfNp) — BJp

As B/ is integral, the subring A/ f~!(p) must be integral!
Lemma 2.3.2. f* is continuous

Proof. We want to show that f*~1(Z(I)) is closed, that is it is Z(something) where we will
determine what that something is. In fact f*~'(Z(1)) = Z(f(I)).

pe [*HZ()) «— [(p) € Z(I)
1 C f(p)
«— f)Cyp

«— f(I)-BCyp

1 p)

Here we use B to make the left hand side an ideal. Thus p € Z(f(I)- B). So we have shown
that

FH2() = Z2(f1) - B) = Z(f(I)).

Questions:

We have a map A — A/I, what can be said about the map Spec(A/I) — Spec(A)?

FEzercise 2.3.3. Show that the map is an injection and its image is Z([).

Questions

If we have a map A — B what can be said about the map Spec(B) — Spec(A)?
Here is an example:

R — C, and Spec(C) = Spec(R) = { point }.
Another example is to consider the map R[z] < C[z]. This induces
Spec(C[z]) — Spec(R[z]).

16



Now

Spec(Clz]) = CU { point }
={(z—a)|a€C}U{0ideal }
= {(z —a)|a e C}USpec(C(x)).

Now
Spec(R[z]) = {x — a,2% + bx + ¢ } U {0 ideal }.

S0
Spec(R[z]) = Spec(C|x])/conjugates.

Note that R[z] is the subring of C[z] of elements invariant under conjugation.

Definition 2.3.4. Suppose that we have a group G that acts on A (then G also acts on
SpecA). Then A%, called the G invariants in A, is the set of elements in A that are left
invariant by G. and SpecA® is called the categoric quotient of SpecA

2.4 Localization
Let S < Spec(A). What are the continuous functions on S7 Let
T ={f € A| f is non-vanishing everywhere on S }.
T is multiplicative (f,g € T implies fg € T) and we should be able to invert {7}, f~!
should also be a function on S. This process of formally adding inverses to a set is called

localization.

Definition 2.4.1. The localization of A with respect to the multiplicative system T is a
homomorphism ¢ : A — B satisfies the following two properties:

1. Fort € T, ¢(t) is invertible in B.

2. For any map ¢’ : A — B’ which has property 1, then there is a unique map v B — B’
such that

¢ =vog.
Exercise 2.4.2. Show the local lization of A with respect to 1" is unique up to isomorphism
if it does exist. This means that if ¢; : A — By and ¢9 : A :— By both are localization of A

w.r.t. T', then there is a “unique” isomorphism « : By — Bs such that ¢o = a0 ¢;.

Notation 2.4.3. We denote the localization of A w.r.t. by A[T™'], or T A.

17



One construction

There are many ways to construct Ar. Here is one way: Let C' = Alz, : t € T] denote the
ring of polynomials of A with indetermines indexed by T'. Let I = (z;-t —1:t € T) denote
the ideal of C' generated by x; -t — 1. Then we define

AT =C/I.

FEzxercise 2.4.4. Show that the above construction really define a localization of A w.r.t. T
as in the above definition.

2.5 Neighborhoods
What are the local neighborhoods around o € Spec(A)? It is easy to see
Spec(A) \ Z(1) = | Spec(A) \ Z(f).
fel
Thus the basis for open sets on Spec(A) are given by
D(f) = Spec(A) \ Z(/f).
={o|f(p)#0}
Notice that A[f~!] are functions on D(f).
Ezercise 2.5.1. Show that D(f) is the image of the morphism
SpecA[f '] — SpecA
induced by the homomorphism A — A[f™}].
Fix on p € Spec(A), p has neighborhoods

{DU) | flp) #0}
What are the functions locally defined at p? They are
U (functions of D(f)) = T4, T = A\ p.
feD(f)(s—fép)
Notation 2.5.2. Let o be an ideal of A. Denote T7'A = A(). where T'= A\ p.
Example 2.5.3. .
1. Let p € Spec(Z). Functions defined out of p are
Z[1/n | n is invertible off p]
=Z[1/n | € fnfor all ¢ # p]
=Z[1/n | n=p"]
=Z[1/p]

18



2. What are functions defined locally at p? Answer: exactly the opposite. That is
Zpy={%Iprb}.

3. Now look at

U functions on D(f) = functions defined on an open subset
f

=Jzli/n =Q

n£0
We denote (o ideal) as € Spec(Z).
Ezxercise 2.5.4. Prove that
{n}= ﬂ (all non-empty open sets),
and that the Zariski closure is the whole plane, and finally that

{n} = image of Spec(Q) € Spec(Z).

2.6 Reducibility

Recall also that +/0 = nil(A) and Spec(A) = Spec(A/nil(A)). Look at the following example:
Z/p"Z has nontrivial nilpotent radical for all n fixed. However @Z/ p"Z = 7, which has
trivial nilpotent.

Definition 2.6.1. A ring A is called reduced if nil(A4) = 0.
Questions:

1. When is Spec(A) = X connected? That is to say:

X #X [[ X
where X1 and Xy are closed and non-empty
2. When is Spec(A) irreducible? That is to say:
X #X1UX,

Ezample 2.6.2. X = SpecC|x] = CU{the 0 ideal }. Let n = { the 0 ideal }. Lets look at the
toplogy of toplogy of SpecC[z] The open subsets are

C—{ X1, Xz, ... Xu JU {0},

so this is irreducible.

19



Replace A by A/nil(A) which does not change the space Spec(A) and its topology, we may
assume that A is reduced. Recall nil(A) = (p, imes P+ Let X; = Z(I;) with Z(1;) # SpecA.
Then above two conditions are equivalent to the following conditions for every prime P:

1. PDIl OI'PD[Q

2. But not both (P 2 I, + 1)

Condition 1 implies P D I - I for every P. Thus [; - Iy C nil(A) = 0. Condition 2
implies P 2 I + I, for every P. Thus I} + I, = A. We have I - I, =0 and [; + I, = 0.

Exercise

1. Chinese Remainder Theorem: let A, I, and I, be as above, then the canonical projec-
tion gives an isomorphism
A= A/L @A/

2. If A= Al (&) Ag, then
Spec(A) = Spec(A;) H Spec(A,).

3. A has no two nonzero ideals [; and I5 such that ;- I, = 0 if and only if A is an integral.

Thus we have the following:

Proposition 2.6.3. Spec(A) is connected if and only if A is indecomposible. Spec(A) is
irreducible if and only if A is integral.

20



Chapter 3

Affine Varieties

3.1 Affine varieties

Let k be a field. Then k is algebraicly closed if and only if Speck[z| = kUn where each a € k
corresponds to the maximal ideal (x — a) and where 7 corresponding to the 0 ideal. We call
7 a generic point.

Now we assume that £ an algebraicly closed field, for example k¥ = C. Consider the
n-dimensional affine space k™ = A™(k) which has coordinate ring A = k[zy, -+ ,x,]. In an
affine space we can define the Zariski topology such that closed subsets are of form

V(I)={(ay,as,..,a,) € K" | f(a1,az,...,a,) =0 for all f eI},

where [ is an ideal of k[zy, xa, ..., x,].
We can talk about irreducibilty and connectivity for closed subsets. If k = C, the Zariski
topology is different than the usual archimedean topology.

Definition 3.1.1. Let V' C k™ be an algebraic set. We say V is a closed subvariety if V' is
irreducible.

We can define a map A" (k) — Spec(k[z1, xo, ..., z,]) via x € (ay,aq, ..., a,) — a maximal
ideal, z, = (x1 — a1, x9 — ag, ..., x, — a,). This map is a topological embedding.

Theorem 3.1.2 (Hilbert Nullstellensatz). The images of the previously defined map are the
set of mazimal ideals.

More generally, let I be an ideal of k[, - - , x,] which defines an algebraic set X = V(1)
of zeros of all polynomials in /. Then have a map: i : X — Spec(A/I) by

(1, T2, ooy Tp) = (X1 — A1, T — Qg ooy Ty — Ay,).

This leads us to two questions:

1) How does X determine I?

21



Answer: There is a 1 to 1 correspondence between the algebraic sets X and set of the
radical ideals T = I.

2) What is the image of i(X)?

Answer: i(X) is the set of the maximal ideals of Spec(A/I). The key fact for these
answers is that A is a finitely generated algebra over k. This would not be true if A were
not finitely generated over k.

We will prove these answers in next few classes.

3.2 Modules

Let M be an abelian group. Let End(M) denote the set of homomorphisms of M. Then
End(M) is a ring with operations

(91 + d2)(z) = d1(z) + da(x)
(01 - @2)(7) = ¢1(Pa(7)).

The ring End(M) is in general noncommutative.

Definition 3.2.1. Let R be a ring. By a R-module M we mean an abelian group M with
a homomorphism from R — END(M). Equivalently there is a map

RxM— M via (a,z)—a-x
that satisfies:
l.1-z=2
2. alr+y) =ax+ay
3. (ab)x = a(bx)
Example 3.2.2. .
1. If R is a field then an R-module is a vector space over R.

2. Let I be an ideal. If I < R then [ is an R-module. In particular R is an R-module.
The ideals are the R-submodules of R.

Definition 3.2.3. Let M be an R-module, N C M a subgroup. N is a R-submodule if
R-NCN.

Ezample 3.2.4. If R — R is a homomorphism, then R is a R-module.

Definition 3.2.5. Let R be a ring. By an algebra A over R we mean a ring homomorphism
from R to A.
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Definition 3.2.6. Let R be a ring. Then R[x1, 29, ..., x,] is called the polynomial algebra
of n-variables over R.

Erample 3.2.7. Every ring R is an algebra over Z via natural morphism n — nlg, e.g.,
Z— ZN—1] or Z — Z/pZ.

Ezxercise 3.2.8. Construct a counter example to the Nullstallensatz when n = co. Let R =
Clz: | t € C(y)]. Define a map ¢ : R — C(y) via x; — t. Show that Ker¢ is a maximal ideal
not given by (..., z; — ay,...) for a; € C. Explain why this is a counter example.

Finitely generated Modules

Definition 3.2.9. Let S C M be a subset of M. A submodule N generated by S is the set
of all elements of the type N = {> "  a;,x; | z; € S}

Definition 3.2.10. We say M is finitely generated over R if there exists 1,9, ...,z, € M
such that M is generated by x1, zs, ..., x,. Equivalently M is a quotient of R".

FEzxercise 3.2.11. A module M is finitely generated if and only if there is a surjective homo-
morphism from a free module R™ of finite rank onto M.

3.3 Noetherian rings

Definition 3.3.1. Let R be a ring. We say R is Noetherian if the following is satisfied: Let
M be a R-module and N be a R-module of M with N < M, then if M is finitely generated

then N is finitely generated.
Erample 3.3.2. .

1. If R afield then R is Noetherian, this is obvious as finitely generated modules are finite
dimensional vector spaces.

2. If R = 7Z then R is Northerian, this is less obvious but follows easily from the next
lemma.

Theorem 3.3.3. R is Noetherian if and only if every ideal is finitely generated.

Proof. If R is Noetherian, R as an R-module is finitely generated. Every ideal of R is an
R-submodule so clearly the ideals are finitely generated. Now assume every ideal of R is
finitely generated. We want to show that every sub-module N of every finitely generated
module M is finitely generated.

Step 1: Reduce M to a free module R" of finite rank.

Indeed, as M is finitely generated, there is a surjective homomorphism ¢ : R — M. Let
N’ = ¢~'(N). Then the restriction of ¢ on N’ is surjective onto N. Thus if N’ is finitely
generated then N is finitely generated. So we reduce to the case where M = R™ and N is a
submodule.
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Step 2: Induction on n

It is trivial if n = 1 as then N is an ideal of R. Now assume that n > 1 and that every
submodule of R"™! is finitely generated. Let ¢ : R® — R be the projection onto the last
factor. Then we have the following

e ker(¢) = R" !, the first n — 1 factors.

o Let N' = NN R" ! then N’ is the kernel of the homomorphism N — ¢(N). As N’ is a
submodule of R"~!, by induction assumption, N’ is finitely generated. Let xq,-- -,z
be generaters of N'.

e ¢(N) is finitely generated, as ¢(N) is an ideal of R. Let yi,- - ,y, be generators of
O(N).

Lift y1, y9, ..., y, to yll,y;, ...,y;l € N. Claim: x1, g, ..., Ty, y’l,y;, e y;L generate N. Proof
of Claim: Let € N. Then ¢(x) is a linear combination of y;’s: ¢(z) = > a;y;. This implies
olr—>] ajy;) = 0. So the element x — 3" ay; is in N’ and therefore is a linear combination
of x;’st x =) ajy; = > byz;. Thus z is a linear combination of z}s and y;’s. So N is finitely
generated. ]

3.4 Hilbert Basis Theorem

Theorem 3.4.1. If R is Noetherian then R[z| is Noetherian.

Proof. Let I be an ideal of R[z]. We want to prove that [ is finitely generated. Let J < R
be an ideal of leading coefficients of polynomials in /. Since R is Noetherian, J is finitely
generated. Let fi, fa, ..., fn € I be elements whose leading coefficients generate J. We write
fi = ¢;x™ 4 ... with n; the degree of f; and a; the leading coefficient of f;.

Let f € I. We can write f = a,z" + ... + a9 with a, non-zero. As a, € J, we can
write a, = Y b; - ¢;. If n = n; for every i we can write g = f — > b; f;z" ™ where the n-th
coefficient of g is zero. By induction on n, we have proved that every polynomial f € I can
be written as f = >, gifi + f where deg(f’) < max(n;).

Let m = max(n;) and

I' = { f €I where deg(f) <m}.

Then I’ is not an R[z] but it is a R-submodule of Y. | R;z? & R™. Since R is Noetherian,
I' is finitely generated. There are elements f;, fy, ..., fé in I' generating I' as an R-module.

Thus fi, fa, s f1, f1s for ,fé generating . m

Ezxercise 3.4.2. An equivalent statement of the theorem is: If R is Noetherian then every
finitely generated R-algebra is Noetherian.

Ezercise 3.4.3. Let T be a multiplicative system of R. Prove R[7] is Noetherian if R is
Noetherian.
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3.5 Hillbert Nullstellensatz

Let k = k be algebraicly closed. Let A? = k™ be the affine space. We have a map A} —
Specklzy, ..., x,] via

(@1, .. an) —> My = (T1 — a1,x9 — Qg,..., T, — ay)
a maximal ideal.
Theorem 3.5.1. The tmage of this map is the set of maximal ideals.
Equivalently:

Theorem 3.5.2. Let K be a field containing k such that K is finitely generated as a k-
algebra. Then k = K.

Proof of the equivalence. Theorem 3.5.1 implies Theorem 3.5.2: K = k[tq,...,t,] where
t; € K. We have a map Q: k[zy,...,z,] > K via z; — t;. Clearly, Q is a homomorphism
and ker () is a maximal ideal of k[z, ..., x,]. By Theorem 3.5.1, ker ) is generated by = —a;,
a; € k. Thus
P klxq, ..., x,] g
(x1 —ay,...,x, — ap)

Theorem 3.5.2 implies Theorem 3.5.1: If m is a maximal ideal of k[xy,...,z,| then
K[zy,...,z,]/m is a field and it is finitel generated over k. Therefore, K = k by Theorem
3.5.2. We obtain k = k[xy, ..., x,]/m, which implies z; = a; (mod m), so z; —a; € m. Thus
(x1 —ai,...,x, —a,) C m. So since m is maximal, (1 — ay,...,2, — a,) = m. O

Example 3.5.3. Let K = k(x) be the field of fractions in Kz]. Then K is not finitely
generated as a k-algebra.

Proof. Assume that K is finitely generated over k: K =k {ﬁ, NN &] . This implies that
5 dn

every fraction in K has a denominator of the form ¢{'...gf*. Thus there are only finitely

many irreducible polynomials, say, Pi,..., P,. Then (1 4+ P, - ... - P,) will have a prime

factor P;. But it is prime to Py, ..., P, so we have a contradiction. O

Exercise 3.5.4. Q is not finitely generated over Z as an algebra.

Proof of Theorem 3.5.2. Suppose Theorem 2 is false. Suppose K = kl[t1, ..., t,] and there is
at; ¢k, so t; must be transcendental over k.

Definition 3.5.5. Let K; <— K5 be an extension of fields. Let x € K5. We say z is algebraic
in K if x satisfies an equation a,z" + ...+ a9 = 0 with a,, # 0, ay, ..., a, € K, otherwise
we say x is transcendental over K.

Back to the proof of Theorem 3.5.2. After rearranging the order of ¢,...,t, we may
assume that
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e {; is transcendental over k[ty,...,t;_1] for 1 <4 <r but

e {; is algebraic over k[ty,...,t,]if i > .

We have
kEo— k(ty,....t,) — Ek[t1,... 1]

L k(tl,,tn) - K

1. L/k is not finitely generated as an algebra by Example 3.5.3.
2. K/k is finitely generated as an algebra.

3. K is a L-vector space of finite dimension by the following lemma.

Lemma 3.5.6. Let K1 — K> be a field extension. Let x € Ky, then x s algebraic over Ky
if and only if K1(z) is a Ky vector space of finite dimension.

oo
Proof. The “ <= " part is obvious. To prove the “ =7 part note that K;[z] = Z Kix".
n=0

Since a,z" + ...+ ap = 0 and a,, # 0 it follows that K[x] is finite dimensional. O

So we have reduced the proof of Theorem 3.5.2 to the following lemma:
Lemma 3.5.7. Let A C B C C be extensions of rings with A noetherian such that
1) C is a finitely generated A algebra;
2) C' is finitely generated as a B-module.
Then B is finitely generated as an A-algebra.
Proof. Strategy: let us construct B’ C B such that
1) B’ is finitely generated as an A-algebra.
2) C'is finitely generated as a B’-module.
This will imply
3) B’ is Noetherian.

4) B is finitely generated as a B’-module (consider B as a B’ submodule of C).
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Then 1) and 4) imply B is finitely generated as an A-algebra.
Write C' = Alxq,...,x,], C = Z By, with z;,y; in C. Let b;jx’s be elements of B such

=1

m
iy; = Z bijkyk~
k=0

that

where yo = 1.

Claim: Let B' = A[b;x]. Then B’ satisfies 1) and 2).

Obviously, B’ satisfies 1). For 2) we need only show that C' is generated by y;’s as a
B’-module. Let C” denote this B'-module: C" = )"/, B'y;. Then

z,C' = Z B'zyy, C C.
k=0
In other words, C” is closed under multiplication by x;’s. As C'is generated by z;’s, C’ is

closed under multiplication by C. Since C' contains yo = 1, it follows that C' C C’. This
concludes the proof of Lemma 3.5.7. m

Theorem 3.5.2 is proved.
]

What happens if k& # k? For example, let A = k[z], and m a maximal ideal in A. Then
m = (f(z)) with f(z) irreducible and A/m = k[x]/(f(x)) may not be equal to k but is
algebraic over k. The above proof will give the following:

Theorem 3.5.8 (Hilbert Nullstellensatz). Let k be a field (not necessarily equal to k). Let
A/k be an algebra of finite type. Let m C A be a maximal ideal, then K C A/m is algebraic
over k.

Assume again that k = k. Let X < A7 be an algebraic closed set defined by an ideal a
of k[xy,...,x,]. Let I(x) = {functions that vanish on x}.

Theorem 3.5.9. I(z) = va
Let A = k[xy,...,x,]/a. This is equivalent to

Theorem 3.5.10. Let f € A be an element that vanishes at every closed point in SpecA,
then f € Nil(A).

Proof of Theorem 2. We know Nil(A) = ﬂ p. We want Nil(A) = ﬂ m. It is clear
p prime m maximal

that “C” holds. Let f € A, and f ¢ Nil(A). Then there exists p prime such that f ¢ p. We
have the maps:

A—>A/p:B—>BE}:C,
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where A > f+—— f € B, f# 0. Let m be a maximal ideal of C, then C'/m = k by Hilbert’s
Nullstellensatz. Let ¢ : C'— k be the composition:

p:A—C—C/m=k
Then ¢: A — k is surjective, ¢(f) # 0, f ¢ ker ¢ but ker ¢ is maximal and we are done. [J

Example 3.5.11. Note the above theorem is only true when A is a k-algebra of finite type.
Consider the following:

Z(m:{%‘pM}

Then Z,) has a single non-zero ideal p - Zy,), Z)/p - Z) = F, and Nil(A) is not equal to
the intersection of maximal ideals m.

FEzercise 3.5.12. Let fi,..., f, be polynomials in k[zy,...,z,]. Assume that the equations
fi=0, ..., frm = 0 have no common solutions, then fi,..., f,, generate k[xy, ..., x,].

3.6 Dimension
We have our usual notion of dimension:
e a line is 1-dimensional
e a plane is 2-dimensional
e a space is 3-dimensional.
e dimA} =n.

The dimension measures how much freedom do you have, or equivalntly, how many constrains
you may have. If a space X has dimension n, then for generic n+ 1 functions fi, ..., f,+1 the
system f; = fo = ... = 0 should not have solutions, but any n of them will have solutions.
If an irreducible space X has dimension n then consider the chain of subvarieties

YI2Y,2...20Y,,
where Y; are integral (irreducible), Y; # X, the maximal length of chains is n.

Definition 3.6.1. Let X be a topological space. We say X is Noetherian if any descending
chain of closed subsets of X is finite. Equivalently for any chain

i2eo. .2V, 2...,

there is a N such that Y,, = Yy for m > N.
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Ezxercise 3.6.2. SpecA is Noetherian if A is Noetherian.
Hint: Since Y; = Z(I;) and I; = /I;, then Y; DY, D ... ifand only if I, C I, C I5.... But
one can find n < oo such that

Proposition 3.6.3. Let X be a Noetherian space. Let' Y C X be a closed subset, then Y
is a finite union of irreducible closed subsets Y;, i = 1,...,m. This union is unique if we
require Y; C Y fori # j.

Proof. Let S be the set of closed subsets of X which cannot be written as a finite union
of irreducible closed proper subsets. We want to show S = (). Assume S # (), then since
X is Noetherian, S will have a minimal element Y. If Y is irreducible we are done. If not
Y =Y, UY,5 where Y7 C Y D Y5, so either Y; or Y5 must be in S, so either Y; or Y; gives an
element in S which is smaller than Y. This contradiction concludes the proof. ]

Definition 3.6.4. Let X be a space which is finite union of irreducible subspaces X; (i =
1,-,n) such that X; C X if i # j. Then we call X; the irreducible components of X.

Definition 3.6.5. Let X be a Noetherian space. The dimension dim X of X is the maximal
length of chains of irreducible closed subsets which are not irreducible components of X.

Proposition 3.6.6. Let X = SpecA where A is Noetherian. Then dim X is equal to the
maximal length of chains p1 D po O ... D P, where p; is a non-maximal prime ideal of A.

Proof. The proof is left to the reader as an exercise. m

Example 3.6.7. We have dimSpecZ = 1. If k is a field, we obtain dimSpeck = 0,
dim Spec k[z] = 1, dim Spec k[z1, ..., z,] = n, and dim SpecZ[z1,...,z,_1] = n. The case
where n > 2 is tricky and we will examine this in the next lecture.

Now let k be an algebraically closed field and let A be an integral domain of finite type
over k. Let

K = the fractions of A =k {A—;{O}} ,

then K /k is a field extension of finite type.
Definition 3.6.8. The transcendental dimension of X = Spec(A) relative to k is the tran-

scendental degree tra of (K/k) which is the cardinality r of any subset {zy,---,x,} of K
with the following properties:

1. zq,..., 2, are algebraically independent.
2. every element x € K is algebraic over k(z1,--- ,z,).
This definition makes sense because r does not depend on the choice of x4, ..., z,.
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Theorem 3.6.9. dim X = trx dim X.

Proof. Step 0: If one side equals O then the other side also equals 0.

a) If dim X = 0, 0 is the only ideal of A, so A is a field. Thus from the Hilbert Nullstel-
lensatz A is an algebraic extension of k, so A = k. Therefore tr; deg K = try degk = 0.

b) If try dim X = 0 (K/k is algebraic) then K =k, k CACk=Fk,s0 A=k.
Step 1: dim X < trdim X
X =5pecA,  0CpoCpiSpS.. .S
. We have A — A/pg — A/p; — .... Thus trdeg A; > trdeg A; 1, where A; = A/p;. We

need only to show that trdeg A; # trdeg A; ;1. So the first step is reduced to the following

Lemma 3.6.10. Let A be an integral k-algebra of finite type. Let p C A be a non-zero prime
ideal. Then trdeg A # trdeg A/p.

Proof. Assume trdeg A = trdeg A/p = r. Write A = k[xy,...,x,] with x1,...,x, alge-
braically independent over k. Let S = k[z1,...,x,.] —(0). The assumption implies SNp = (.
Therefore

S—1A % S‘l(A/p), ST'A =k(zy, ..., 1) [Trg1, .., T
Claim: S™'A is a field.

Lemma 3.6.11. Let L be a field with A/L an integral algebra which is finite dimensional
as an L-vector space. Then A is a field

Proof. Let X € A — {0}. The set {1,z,2% ...,2", ...} must be linearly dependent so
Zanx" = 0 for some m > 0 and a, € L which are not all 0. By eliminating z’s we
n=0

may assume ag 7 0. We have

ap+ x(a; +asx+...) =0 or x(a1+a2x+...):1.

Therefore x is invertible so A is a field. Now since S7!A is a field, the homomorphism to
S~1(A/p) must be injective as it is nonzero, so must be bijective as it is already surjective.
This is a contradiction! O

Exercise 3.6.12. Let S be a multiplicative system of R. Let p be a prime ideal of R such
that S Np = 0. Prove that

1) S~'pis a prime in S7'A;
2) STHA/p) = STTA/S s
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3) STlpnA=p.

Step 2: dim X > trdim X. We will do this by induction on trdim X. If dimX = 0
then we are done from Step 0. Assume trdim X =n > 0 and trdim X < dim X is true for

varieties with dimension less than n. A = k[zq,...,2,,]. Assume z; is transcendental over
k. S =klxi] —(0). Let k' = k(x1), let

B=S"A=kK[zy,... 20,

then
try dimB =trpy dimB —1=n— 1.

By the induction hypothesis there is a chain of primes in B of length n — 1

0CQiCQ2C...CQn

Intersect this chain with A:
nglgpgg...gpn_l, PZ:QlﬂA

Ezercise 3.6.13. Show that P, # Py, S7'P, = Q;, BNS = (.

Claim: P,_; is not maximal (This will imply dim X > n). Otherwise, A/P,_; is a field
then by the Hilbert Nullstellensatz A/ P, _; = k. By the above exercise, P,_1 NS = (), thus
the composition map

klx;]] — A — A/p =k

is injective. This is impossible as x; is transendental over k. The second step is proved. [

The Theorem is proved. O

FEzercise 3.6.14. dim A} = n. Moreover any maximal chain of non-zero ideals in A will have
length n. Proved this fact as an exercise. (Hint: Look the proof of Theorem 3.6.9)

Ezample 3.6.15. Non-zero prime ideals in k[z, xs] are of two types:
1. (f(xq1,x9)), where f(z1,22) # 0 ireeducible;
2. (l’l — a1, Ty — (12).

Remark 3.6.16. If k # k Theorem 1 is still true by the same proof.
Remark 3.6.17. Let A be an integral algebra over Z of finite type

i ‘ A case 1
7 — A, where i(Z)= Z7/pZ =TF, case 2
=1y

If k is the fractions of A then either Q C k or F,, C k.

FEzercise 3.6.18. If i(Z) = 7Z then dim X = 1 + trgdimk. (Hint: First try to prove the
identity when one side equals 1. You will need the following exercise)
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Exercise 3.6.19. Let B be Noetherian and integral domain. Let A be an integral algebra
over B which is of finite type as an A-module. Then B is a field if and only if A is a field.

Exercise 3.6.20. Let A be an integral algebra of finite type over a field or over Z. Let f € A
an non invertible element. Then

dimA/fA=dimA— 1.
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Chapter 4

Projective Varieties

4.1 Projective spaces

1. We know that C is not compact and it can be compactified by adding a point co to the
plane C to obtain the Riemann sphere C. One good thing about Riemann sphere is the

f(2)

“summation formula” and “degree formula”: if ¢(2) = —— then

9(2)
Zordpz/) =0, deg ) = —ord .
I3

Riemann sphere is the projective line over complex numbers. It is can be considered as the
set of lines in C? passing through the origin. Let zg, z; be the coordinates of C? then a point
z € C corresponds to the line zxg — 7 = 0 while co corresponds to the line zop = 0. We may
replace C by any algebraically closed field k to define projective line P over k.

2. Let k be an algebraically closed field k. The projective plane P2 is a sort of compact-
ification of affine plane (there are more than one way to compactify affine plane, unlike the
case of affine line):

A2 P, P2 — AZUPL— A2UALUAL

More precisely, the projective plane P? is defined to be the set of lines in A} passing
through the origin. Let P = (z¢, 1, Z2) be a nonzero point in A} then it defines a line [P] in
P? passing through both P and origin. We call (zg, z1, 22) the homogenuous coordinate of
[P]. Of course the homogenuous coordinates for a point in projective line is not unique but
they are propotional by elements by nonzero elements in k. In the above decomposition,

e A? corresponds to zg # 0,

A} coresponds to zy = 0 but z; # 0,

AY corresponds to rg = x; = 0 but x3 # 0,

PP} corresponds to zg = 0.
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One advantage for projective plane than affine plane is to solve system of equations. Let
f(z,y) and g(z,y) are two polynomials over a field k. Then the system of equations

flz,y) =0,
g9(x.y) =0
has the number of common solutions < deg f - deg g in affine plane AZ.

If you introduce homogeneous coordinates x = z1/xg, y = x2/x9. We have homohenuous
polynomials

Ty T2 deg f T T2 degyg
Fxg,zy,29) = f | —, — ) 25", Glzo,v1,m9) =g | —, — | -7
To Zo Lo o
and new system of equations

F(zg,z1,29) =0 and G(xg,z1,22) = 0.

This system has same set of solutions on A? as that of f = g = 0 but this new set of solutions
has cardinality exactly equal to deg f - degg.

Definition 4.1.1. Let n be a nonnegative integer and let k be an algebraically closed field.
The n-dimensional projective space P} is defined to be the set of lines in A7 passing
through the orign.

The only good functions on P2 are constants, but P? has a lot of homogeneous “func-
tions” F'(z,y,z) which are polynomials whose nonzero monomilas have same degree. The
polynomial F(x,y, z) is not really a function unless is a constant, but F(x,y, z)/G(z,y, z) is
a meromorphic function if deg F' = deg GG. All homogeneous functions form a graded algebra

A=klx,y,z| =k D (ke ®Dky@kz) DA D A3 ...,

where A,, = homogeneous polynomials of degree n. There is a map P — “ideals of A”,

[ag : a1 : as] — (a129 — apxy, ATy — apTe, AT — A1T9).

4.2 Projective Spectra

Definition 4.2.1. By a graded algebra over R we mean an R-algebra with a decomposition

A =P A,, such that R C Ag = R and that A; - A; — A; ;. We write A, = @) A, which
n>0 n>1

is an ideal of A.

Definition 4.2.2. Let A be a graded algebra over R. By a homogeneous ideal of A we mean

an ideal p of A which can be decomposed as p = EB P, and P, C A,,. Or equivalent p is an

n>0
ideal with the following property:
f=2ufnep,
— Jn €
e e
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Definition 4.2.3. Let A be a graded ring over R. The projective spectrum of A is defined
to be the set of homogeneous prime ideals in A which do not contain A, and is denoted by
ProjA.

FEzample 4.2.4. A= R& 0 then ProjA = ().
Ezample 4.2.5. Projk[T] = {0—ideal}.
Example 4.2.6.

ProjC[Tp, T1] = {0 — ideal} U { (aTy + bT): a,b € C*,a,b # 0} = A' U {oo}
Indeed, every prime ideal in C[T}, T7] has the one of following three forms:
1. (0),
2. (f), where f is nonzero and irreducible,
3. (Ty — a, Ty —b), where a,b € k.

The first one is of course homogeneous. The second one is homogeneous only if f = aTy—bT}.
The third one is homogeneous only if a,b = 0. But then it contains A, so its not acceptable.

Since ProjA C SpecA we can define the Zariski Topology: let I be homogeneous

Z(I)={p € ProjA: p D I}
Z(I) = {the zeroes of functions in I}

Ezercise 4.2.7. Prove that the above defined map from P? to the set of ideals of A =
klxo, 1, x2] actually defined a map to ProjA. Show that the image of this map is the set of
closed point in ProjA. (Recall that a point p in a topological space X is called closed if the
subset {p} is closed.)

Proposition 4.2.8. If A is Noetherian then ProjA is Noetherian.
The proof is left to the reader as an exercise.

Proposition 4.2.9. Let A be a graded algebra over R (Ag = R) then A is Noetherian if and
only if the following two conditions are verified:

1. R is Noetherian;
2. A is finitely generated over R.

Proof. The if part is clear by the Hilbertbasis theorem. Now assume A is Noetherian. A,
is an ideal in A and is finitely generated as an A-module, so A/A, = R must be Noetherian,

n
A, = Z Ax;, where x; are homogeneous, deg x; > 1.
i=1
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Claim: A = R[zy,...,x,). It is suffice to show A,, C R|xy,...,x,] for every m. One
then proceed by induction on m. It is clear if m = 0. Now assume that m > 0 and that
Ay C Rlxy,- -+, xy] for £ <m. Since Ay ="~ Ax;, then

n m
A, = ZAm,degxi z; C Z Rlxy,...,xp]z; C Rlxy,. .., 2]
i=1 i=1

where A,, = 0if n < 0. O

Exercise 4.2.10. Let A be a graded algebra and m is a homogenous ideal not including A, .
Then m is maximal if and only if A/m = k[t] where £ is a field and k = Ay /(Ao Nm).

Assume Ay = k = k, then we have a map P"(k) — Projk[zo, ..., x,] via
(ag,...,an) — (ajz; —axj, i, =0,...,n).

FExercise 4.2.11. Show this map is continuous with image the set of closed points.

Affine decomposition of ProjA

For f € A, f homogeneous, define

D(f) ={p € ProjA: f(p) # 0 where f(p) = the image of f in A/p }.

Then we have ProjA = | J D(f) where f € A, f homogeneous. Now A[1/f] is a homoge-
neous ring. Let Ay be the degree 0 part of A[1/f],

g
Ay = {F, degg = ndegf} :
Exercise 4.2.12. D(f) = SpecAy .

FEzample 4.2.13. Let S = k[xo,--- ,z,]. Then S, is generated by zg, - , x,.

ProjS = UD(xi), where D(z;) = Speck [ﬁ, 0<5< n} :
T;
i=0

We may also have the similar decomposition for the projective space of dimension n:

n

P(k) = (k"' = {0}) / ~ = D(w),

=0

where

D(x;) = {(ag,...,an): a; #0}/ ~ ={(ap,...,an): a; =1}/ ~ =~ A}
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4.3 Hilbet Polynomial

Assume that A = @ A, is Noetherian and that Ag = k is a field. Then A is generated by
n>0

homogeneous elements and each A, is finite dimensional vector space over k. Consider the

following formal series

Q(T) =) dimy A, T™

m>0

Theorem 4.3.1. Assume x1,...,x, has degree dy, . ..,d, where d; = degx;, then we have
the following identity of the formal power series

R(T)

O = a7

where R(T) is a polynomial.

Erample 4.3.2.
1) In the case n = 0 we have dim A,, = 1 if n = 0 and dim A,, = 0 if n > 0. Thus

A=ka03000®..., Q) =1

2) In the case n =1, A = Z kx™, assume that x™ # 0 for all m, then

m>0
o -Fre s
= 1T
3) If A= k[xy,...,x,]is a polynomial ring of variable of x;, then,

Q(T):ZdimAm-Tm: Z Z T A A

m  41%2...in=m

r1=T2=...=Tp=1
‘ . - 1 1
- ). (2, )| = =
D (@) (waT) }11—%T (1—1)"
T1,eeeyln zi=1 = ;=1

1 )
By looking at T E T" and differentiating both sides n — 1-times we get
i>0

dim A — (m+n—1>

n—1

Now we go back to the proof of Theorem 1. First let us generalize the Theorem to
modules:
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Theorem 4.3.3. Let M be a graded A-module of finite type. Write Qp(T) = > dim M,,-T™.

Then
Ry (T)

I o)

where Ry (T) is a polynomial.

We are going to prove the theorem on the rclgmber n of generators of A. Write A =
klx1,...,x,]. If n =0 then A =k. As M = @Mz is finite dimensional space, M; = 0
for i > 0. It follows that Qp(T) is a polynomii;lo. Assume n > 0 and the above theorem

is true for modules over a graded ring with less than n homogeneous elements. We have a
map which gives the exact sequence:

0 — kerzg — M = M — M/xgM — 0. (4.3.1)

What do we mean by exact sequence?
Definition 4.3.4. A sequence is chain of modules and homomorphisms:
My %5 My 2 2 M,
which is called exact if ker(d;) = im(d;_,) for every i > 1.
Example 4.3.5. If 0 — M; — My — M3 — 0 is exact if and only if the following are satisfied:
1. My, — M, is injective, thus we may consider M; as a submodule;
2. My — Msj is surjective, thus we may consider M3 as a quotient module of Ms;
3. Msy/M; = Ms.

This sequence is called a short exact sequence. Assume now that M; are k-vector spaces,
show that dim My = dim M; + dim Ms.

Ezercise 4.3.6. For a long exact sequence
0O— M, — My, — ... — M, —0
prove that Z(—l)i dim M; = 0.
Back to éhe proof of the above theorem. Taking homogeneous components of formula

(1) and applying the inclusion A,, - M,, C M, ,,, we obtain for each n the following exact
sequence

0 — ker(xq), — M,, — M, 14, — (M/le) L 0,
n—+dy

dim(ker(z1)), — dim M,, + dim M,, 4, — dim <M/x1M) = 0.
n+dq
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By multiplying this by 77+% and summong over n we get

le ler T (T> - le QM (T) + QM (T) - QM/x1M<T) - Rl (T) = Oa

where
di—1

Ry(T) =Y (dim M; — dim(M/z, M);) - T".

i=1

Solving Qs (T'), we obtain
Qu(T) = (1 =T") ™" [=Quera, (T) + Quijay e (T) + Ra(T)] . (4.3.2)

Now ker(z) is a module of k[z1,...,x,]/(x1) = k[zs,...,x,]. Sois M/x M. Thus by
induction Qxer(z;)(T") and Qar/z,m(T) are both of the form

Polynomial
H:'L:Q(l B Tidi>
Thus formula (2) implies that Q/(7") has the form

Polynomial
[T (=T

This completes the proof of the above theorem.

Theorem 4.3.7. If we assume dy = ... = d, = 1 then there is a polynomial Py(T) with
rational coefficients such that
dim M,,, = P(m)

for m sufficientely large.

Proof. By Theorem 2, Qa(T) = Ra(T)/(1 — T)". Write

ﬁ B i (m +TZ B 1) r, Py(T) = ZaiTi.

m=0

Assume a,, = 0 for n < 0 then

¢
. _ n+t—1
dim A,, = Zam_i ( ; ) .
i=0
This is of course a polynomial of n when m > ¢. ]

Definition 4.3.8. The polynomial Py (7T) is called the Hilbert polynomial of M.
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4.4 Dimensions

Let S be a Noetherian graded ring with Sy = £ a field. S = @Sn, Sy = @Sn. Assume

n>0 n>0
S is Noetherian then dim S,, < co. Qg(T) = Zdim S, - TN. If S is generated over K by
n>0
homogeneous elements x, ..., x, with degrees dy,...,d, then
Rs(T)
Qs(T) = =0~
Hi:o(l — T'di)
We thus have the formula to compute dim S,,. Let Ps(n) = dim S,,. Ifdy=d; = ... =d, =1

then Pg(n) is a polynomial for n > 0.
Theorem 4.4.1. deg Ps(T) = dim ProjS

Notice that dim ProjS is the maximal length of chains of non-maximal homogeneous
prime ideals. The proof uses two kinds of techniques. One is using inductions. Thus it is
more convenient to work with language of modules. So we want to generalize the theorem
to modules. Let M be a finitely generated and graded S-module. Let Ann(M) denote the
annihilater of M, i.e.

Amm(M) ={z e S:x- M =0}.

M can be thought of as an S/ Ann(M)-module. We have a diagramm

M M

\ \
Proj(S/Ann(M)) < Proj(S)

SUPI’J(M )

where Supp(M) is the support of M.
Definition 4.4.2. dim(M) = dim Supp(M) = dim(S/ Ann(M)).
Exercise 4.4.3.

Supp(M) = {p € ProjS: M, =(S—p) "M #0.}.
Theorem 4.4.4. dim(M) = deg Py(T).
(Recall M = @ M,,, dim M,, = Py (n).)
Lemma 4.4.5. If M fits in an exact sequence

00— M — M — My —0

and the Theorem is true for both M, and My then the Theorem is true for M.
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This follows from the following idenities:

dim M = max(dim M, dim Mg) (4.4.1)

deg Py; = max <deg Py, deg PM2> . (4.4.2)
These idenities follows from the following facts:

Ann(M) = Ann(M;) N Ann(M,).

The second technique is to decompose modules back to rings as dimension of a module
is really defined through some ring.

Proposition 4.4.6. Let R be a Northerian ring and let M be a R-module of fnite type.
Then N has a filtration: 0 C My C My C ... C My, = M such that M;/M;_1 = (R/p) where
p s a prime ideal of S.

Proof. We starts with the following:

Lemma 4.4.7. If M is not zero, then there is an element m € M, m # 0, such that
Ann(m)={z € R: x-m =0} is a prime ideal.

Proof. Consider the set of ideals ' = {Ann(m), m # 0,m € M}. Let Ann(m) be a maximal
element in in 7. Then we claim Ann(m) is prime. Assume ab € Ann(m) and a ¢ Ann(m).
Then abm = 0 but am # 0. It follows that

Ann(am) € T, Ann(m) C Ann(am).
Since Ann(m) is maximal, Ann(m) = Ann(am). Thus b € Ann(m) so we are done. O

Now we go back to proof of the Proposition. If M = 0 we are done. Otherwise by the
above lemma, M contans a submodule M; := Rx isomorphic to R/p;. Again we are done if
M = M,. Otherwise we applying the above lemma to M /M; to obtain a submodule M; such
that M, /M (as a submodule of M /M) is isomorphic R/g,. Continueing this procedure, we
have that either the proposition is true, or there is an infinite sequence of distinct submodules
0C My C---C M; C. But this is impossible as R is Noetherian. ]

Lemma 4.4.8. Assume that S is generated by S,. Then
dim ProjS = dim SpecS — 1.

Proof. First we need to reduce to the integral domain. In fact since S is Noetherian, it
has finitely many minimal prime ideals g;. It is easy to show that these are homogenous
since the subset ! of homogenous elements in each g; is also a prime ideal. Thus we have
ProjS = U;Proj(S/p;) and SpecS = U;SpecS/p;.
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Assume now that S is integral. To see this last identity, we notice that dim SpecsS is the
transcendental degree of S over k. Denote this number by r. But ProjS is the covering of
SpecA; (i =0,1,---,n), where A; = k[x;/z;,i =0,--- ,n]. Thus dim ProjsS is the maximal
dimension of A;’s or equivalently, the transcendental degree of A;’'s. We claim that the
transcendental degree of each A; over k is equal to r — 1. We may assume that i = 0. As
xo & k, x¢ is transcendental over k. Thus S has a base consisting of elements of z;’s including
xo. We may assume this base is {x, - - -+ , z,}. Then it is easy to show that {z/x¢, -+, z./z0}
forms a transcendental base for Ay over k. O

We also want to define a third invariant §(5).

Definition 4.4.9. §(5) is the minimal number of elements y1, ...,y € S; such that S/ > ;S
is a finite dimensional k-vector space.

Theorem 4.4.10. dimS = deg P+ 1 = 4(95).

A generalization: Let M/S be a module of finite type with M graded, we define Sy, to
be S/Ann(M) where Ann(M) = {z € S: M = 0}, and §(M) to be the minimal number of
X1,..., T, € S such that M/ >  x;M is of finite length.

Theorem 4.4.11. dim Sy, = deg Py + 1 = 6(M).

Proof. We’ll do the proof in three steps:
Step 1: deg Py; + 1 > dim Sy,.
Step 2: 6(M) > deg Py + 1.
Step 3: dim Sy, > §(M).

Step 1 : deg Py +1 > dim Sy,

First let us consider the case M = 5. We use induction on dim S. If dimS = 0 we are
done. Assume dimS > 0. Let py € po € ... € p, be a chain of prime ideals in S,
r—1=dimS > 0. Let x € ps — py,

0 — S/p1 —— S/p1 — S/(zS +p;) — 0.
Because r — 1 =dim S,
dim S/(p; + 25) = dim S — 1 = dim S/p; — 1.
From the exact sequence,
dim(S/pl)n = dim(S/pl)nfdegx + dim(S/(xS + pl))n.

Thus
Psp, (T) = Psyp, (T — deg @) + Ps/(asqp, (T).
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So
deg Ps/(p,+25) < deg Pgjp, — 1 < deg Ps — 1.

Now by induction deg S/(p; + xS) > dim S/(py + xS). So now
dim S = 1+ dim S/(p1 + 25) < 2+ Pgyp, 105y < 1 + deg Ps.
So step 1 works for the case M = S. For general M we use the exact sequence
0— M — M — My —0.

If Step 1 works for My, My, then it works for M as well. dim Sy; = max(dim Sy, , dim Sy,)
and deg Py = max(deg Py, , deg Pyy,). (Recall that Sy = S/ Ann(M)). This will reduce to
the case M = S/p.

Step 2: §(M) > deg Py + 1.

We use induction on 6(M). If 6(M) = 0, M is of finite length so M,, = 0 for n large enough,
so Py = 0 and deg Py = —1. We are done. Now assume §(M) > 0. There are elements
Ty, ..., T5r) € S¢ such that M/ > x;M has finite length. Consider the exact sequence:

M =% M — (M/zM) — 0
We have 6(M/x M) = 06(M) — 1 and
dim(M/le)n > dim M,, — dim M,,_geg -
It follows that deg Pr/zn > deg Py — 1. From induction 0(M /1) > deg Py, + 1, we have

(M) =06(M/x1M)+1 > deg P/, +2 > deg Py + 1.

Step 3: dim Sy, > §(M)

Again we use induction on dim Sy;. If dim Sy, = 0 then Sy, 4 is the only maximal ideal.
So it is own nill radical. Thus some power of Sy is zero, as Sy is finitely generated.
Thus Sy, = 0 for n sufficiently large. So Sy, therefore M, has finite length. It follows that
(M) =0.

So now assume dim Sy, > 0. Let p; (i = 1,--- ,n) all minimal ideals of Sy;.
Ezercise 4.4.12.

1. Show that there is an = € Sy — U, pi-
2. For such z, dim Sy > dim Syy/pa + 1 and 6(M/xM) > 6(M) — 1.

Now the inequality follows from the exercise and the induction dim Sy/,n > 6(M/xM).
OJ
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Definition 4.4.13. The degree of X is a number such that the leading coefficient of P(T)
deg(X) 4
7 Te.

has the form

Exercise 4.4.14. Compare the degree and leading coefficient of the Hilbert polynomial for
klzo,...,z,]/(F) =S, where F is a homogeneous polynomial of degree d, dim S,, = P(n).
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Chapter 5

Regularity

5.1 Derivatives, tangent spaces, cotangent spaces

We know a curve C in R? is smooth at a point p if we can define the tangent line at this
point. Similarly, a surface S in R? is smooth at a point p if we can define tangent plane.
Thus a geometric object X of dimension d is smooth at a point p if one can define tangent
space T}, at this point and dimension of 7, is exactly n. How to define tangent space for an
affine spectrum? Tangent space should consist of tangent vectors. What is a tangent vector?
Since we can’t draw the tangent vector for spectrum. Maybe the we need to know what kind
of property we need for tangent vector.

The essential property of tangent vector is to allow us to find directional derivative of
functions. More precisely, if v is a nonzero tangent vector of a surface X in R? at p, then we
can find a sequence of points g; of points on X such that

1. lim;_o0 ¢; = p, but ¢; # p;

2. limy_yp0 2L = 720
oo pall vl

then we can define the derivative D, in direction v of a function f on X by
- fla) — f(p)
Dy(f) () = o] tim T8 = SP),
imoo |pgi
This derivative has usual properties of derivatives:

Dy(f +g) = Dy(f) + Du(9),
Dv(f ’ g) = Dv(f) -9+ va(g)

Definition 5.1.1. A (directional) derivative at a point p in a geometric object X is a map
D: (functions) —» (valuation at p) satisfying

D(f+g)=Df + Dg,

D(f-g)=Dfg(p)+ f(p) Dy.
D(a) =0, if ais a constant function
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One can show that v — D, defines a bijection between the space of tangent vectors on
X and the space of derivatives.

Let A denote the space functions on X which is differentiable for every derivative D at p.
Let D,(A) denote the space of all derivatives of A at p. Let m be the space of real functions
which vanishes at p. Then the evaluation of A at p defines an isomorphism A/m ~ R. Let D
be a derivative of X at p then D(m?) = 0. Thus D is factored through A/m?. The restriction
of D on m induces a linear map ¢p from m/m? to R. Let Homg(m/m? R) denote the space
of all R-linear maps from m/m? to R.

Proposition 5.1.2. The correspondence D — ¢p defines an isomorphism
¢: D,(A) — Homg(m/m* R).

Proof. Any function can be written as a sum of a constant function and a function vanishes
at p. Thus
A=R&m.

If op = 0, then D vanishes on m. As D always vanishes at R, the space of constant functions,
D vanishes on whole A. This shows that ¢ is injective.

Now let ¢ be any linear map from m/m? to R, then we define a map D’ : A — R by
composition ¢ with the map A — m defined by the above decomposition, and the map
m — m/m?. Tt is easy to show that D’ is a derivative. Thus ¢ is surjective. O

In Summary, we have shown that an usual geometric object in R™:

1. Smoothness means the dimension of the tangent space equals dimension of X itself.
2. Tangent space can be identified with the space of derivatives D,(A) at p.

3. The space D,(A) can be identified with Hom(m/m? R).

Definition 5.1.3. Let A be a ring, and m a maximal ideal of A (m € SpecA is a closed
point). The cotangent space of A is defined as m/m?, and the tangent space of A at m is
defined to be the space of

T,, = Homy,y, (m/m?, A/m).

Theorem 5.1.4.
dimy /, T3, > dim SpecAy,),

where Agyy = (A\m) 1 A.
Definition 5.1.5. We say m is a regular point if

dimp () T5r = dimy(y) m/m? = dim Alm)
where k(m) = A/m.
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Example 5.1.6. Consider the curve y* = z%(1 — z) at the point (0,0). It corresponding to
the ring

v — 2% + 23
and the maximal ideal m generated by x and y. Then m? is generated by x?, zy, y%. It
follows that

2 $k[$,y] +yk[$7y] ~ 1.— _
= =3 k7.
m/m (2 ey p— a5y o

dimm/m? = 2, dim A = 1. So this curve is not regular at (0,0).
FExample 5.1.7. Consider the ring

Z[z]
x2—20°

A =7Z[2V/5) =

It has an maximal ideal m = (z,2) with quotient A/m = Z/2Z. The cotangent space is
given by
2 (.’L’, 2) _ (.7}, 2)
MM = e e 1) T (2a4)
It is clear that this quotient has dimension 2 generated by 2 and z. So A so its not regular
at m, since dim A = 1. (Prove dim A = 1 as an exercise.)

Now we going to prove Theorem 5.1.4. Since dim 7T}, = dimm/m? and A(m)y is local,
Theorem 5.1.4 is equivalent to the following:

Theorem 5.1.8. Let A be a Noetherian local ring with mazimal ideal m, then dimy, m/m2 >
dim(A), where k = A/m.

If A is graded with Ay = k and the maximal ideal A, is generated by A;, then this has
been done in the last lecture. Actually the theorem of the last lecture can be generalized
to arbitrary local Noetherian rings. Indeed, we define dim A as usual, and §(A) as minimal
number of elements z;’s in m such that A/(xq,---,x,) has finite length, and P4 to be a
polynomial such that P4(n) equal to the length of A/m™ for n sufficiently large. Then the
exact same proof gives the following:

Theorem 5.1.9.
dim A = deg Py = §(A).

Now Theorem 5.1.8 follows from Theorem 5.1.9 by the facts that if x1,--- , x; be elements
of m generating m/m?, then 1, - -+ , z, generate m. This a typical application of Nakayama’s
lemma. Indeed, let N denote the quotient m/(xy,--- ,x,) then mN = 0. But this implies
that N = 0.

Theorem 5.1.10 (Nakayama’s lemma). Let A be a local ring with mazximal ideal m. Let M
be a finitely generated A-module such that mM = 0. Then M = 0.
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Proof. Let z; (i =1,--- ,n) be some generators of M over A. Since mM = M, each z; can
be written as a linear combination of x;’s with coefficients in m: thus there are a; ; € m such
that z; = >, a;;v;. Let A denote the matrix of (a;;). Then

(I-A) | : | =0.

Ty,
Multiplying both sides by the adjoint matrix of (I — A), we obtain
det(I — A)z; =0, i=1---,n.

Now det(I — A) is of form 1 — a with a € m. As m is maximal, 1 — m is invertible, then
x; = 0 for every ¢. It means that M = 0. ]

Ezxample 5.1.11 (Regular ring of dimension 0). An Noetherian ring of dimension 0 is also
called an Artinian ring. For an Artinian ring A, every prime ideal is maximal and Spec(A)
is finite. Moreover, A/ Nil(A) = @ k;, k; are fields.

When is an Artin local ring regular? The condition of A to be regular at m C A is
dimm/m? = dim Spec(A) = 0, so m/m?* = 0, so m = m? which implies m = 0. This uses
Nakayama’s lemma. Thus a local Artinian ring is regular if and only if it is a field.

5.2 Regular ring of dimension 1

Now let A be a local Noetherian ring of dimension 1. When is A regular?

Proposition 5.2.1. Let A be a local ring of dimension 1. Then A is reqular if and only if
the maximal ideal m is principle.

Proof. The condition A is regular is equivalent to dimm/m? =1, k = A/m. By Nakayama
lemma, this is equivalent to that m is generated by one element. ]

Theorem 5.2.2. Let R be a local regular ring of dimension 1. Let m be its maximal ideal.
Then

1) m is principle, is generated by 7 (is called the uniformizer).

2) Every element x € A\ {0} can be written uniquely in the form v = u - 7" where u is
an invertible element, n =0,1,2, ...

3) a™ # 0 for all n.

We need first prove the following:

Lemma 5.2.3. ﬂ m" =0 if A is a Noetherian local ring.

n=0
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Proof. Set N = ﬂ m”. Then N is an ideal of A and thus finitely generated. The equality

n=0
mN = N implies N = 0 by Nakayama lemma. O]

o0
Remark 5.2.4. Notice that m m" = functions that vanish with infinite order at a closed

n=0

oo

point. If A is Noetherian, ﬂ m"™ = 0. Thus the functions which vanish in infinite order are
n=0

only zero function.

Proof of Theorem 5.2.2. The first part is implies by previous proposition. For other part,
we notice that m™ for a strict decreasing sequence with intersection 0. Otherwise there is
some n, m"™ = 0 which contract to the fact that A has dimension 1. Let  # 0, z € A, then
there is a unique n such that z € m", © # m"*. Since m" = (7)", x = u-7" = u ¢ m so
u is invertible and we are done. Thus every element x € A can be written down in the form
of u - 7™ where b is invertible. Any equation uz™ = va’ (for invertible u,v ¢ m, n,¢ € N)
implies that m™ = m¢. Thus £ =n, and (u—v)z" = 0. If u —v # 0, then u — v = wr' for w
invertible and ¢ € N. This implies that m!™ = 0: a contraction. Thus every non-zero x € A
can be written uniquely as x = uzn™. ]

The defines a map v: A\ {0} — N, (non negative integers) defined by = = un™ — n.
This map has the following properties

1) v(ay) = v(z) +v(y);
2) v(z +y) = min(v(z), v(y));
3) v is surjective.

The first property implies that A is an integral domain. Let K be the field of fractions
of A. We can extend v to K \ {0} multiplicatively:

v(a/b) = v(a) — v(b), a,be A\ {0}.
Then v on K satisfies the same properties as above.

Definition 5.2.5. Let K be a field. A map from K* = K — {0} to Z is called a discrete
valuation if the above three properties are satisfied.

Lemma 5.2.6. If v: K — Z is a discrete valuation then
1) R={zx € K: v(x) >0} is a local ring;
2)m={x € K: v(zx) >0} is a maximal ideal.

We call R the discrete valuation ring.

Example 5.2.7. Zy,) = {%: p{b}.
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f(z)
Example 5.2.8. k[x]) = {—: g(0) #0 .
bler = Loy 90
Thus we just proved that a local ring of dimension 1 is regular if and only if it is a discrete
valuation ring. In the following we will give another equivalent condition which is very useful

when we compare different regular rings.

Definition 5.2.9. Let A be an integral ring, R a subring. We say X is integrally dependent
on R if every € X satisfies a monic polynomial equation 2" +a 2" ' + a2z 2+.. . 4+a, = 0,
a; € R.

Lemma 5.2.10. The set of elements in A which is integral over R is a subring of A.

Lemma 5.2.11. The element x is integral over R if and only if R[x| is a R-module of finite
type.

The proof is left to the reader as an exercise.

Definition 5.2.12. The subring of A of elements integral over R is called the integral closure
of Rin A.

Definition 5.2.13. Let R be an integral ring. We say R is integrally closed (normal) if R
coincides with its integral closure in its field of fractions.

Theorem 5.2.14. Suppose R is integral with dimension 1. The following three are equiva-
lent:

1. R s reqular;
2. R is a discrete valuation ring;
3. R is integrally closed.

Recall that R is integrally closed if for € K satisfying 2" + a;2" ' + ...+ a, = 0 with
a; € R, then z € R.

Proof. We already have shown (1) is equivalent to (2).

We now show (2) = (3). Let z € K, where K is the fraction field of R, which satisfies
an equation z? + a;z? ' 4+ ... + ag = 0 with a; € R. We want to show that z € R, or
equivalently, if we write x = un™, n € Z, u € R*, we need to show that n > 0.

Assume that n < 0.

u U d u n—1
N . U
7r|n| 7-‘-\n| 7T|n\

Multiply both sides by 7™¢ so u¢ + 7"l . A = 0 where A € R. Now wu is a unit, therefore
7"l A is a unit which is impossible.

Now show (3) = (1). We need only show that m is principal. Let a € R\ {0}, a € m,
then we know that
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Lemma 5.2.15. R/(a) is dimension 0.

Proof. This is clear as m/(a) is the only prime ideal. O
Lemma 5.2.16. m/(a) as an ideal in R/(a) is nilpotent.

Proof. This is clear as the nilpotent radical of A/(a) is m/(a). O

So we know (m/(a))” = 0 for some n or m" C (a). Take n minimal with this property,
m" C (a) 2 m" . Let b € m" '\ (a). Let x = a/b. We want to show z generates m, that is
(r) =m, or z7'm = R as an identity of subsets in K. Notice that

b
r'm=-mCcm" 'm/a=m"/a C R.
a

Thus we have two choices:

1) z7'm = R which implies => m = zR and we are done.

2) z7'm Cm.

We want to show that 2) implies that 7! is integral over R thus z7! € R which is a
contradiction since b/a € R implies b € Ra which contradicts our choice of a, b.

Now we need the following

1

Lemma 5.2.17. Let ) be an endomorphism of a module over a ring R which is finitely
generated. Then @) satisfies an equation of the form

Q"+ Q" +.. . +a,=0, a; € R.

The proof is left to the reader as an exercise.
Lemma 3 completes our proof. ]

Ezxercise 5.2.18. 1. Find all discrete valuations on Q.

2. Find all discrete valuations on k(7T") where k is a field.

5.3 Dedekind domain

Definition 5.3.1. A ring R is called a Dedekind ring if R is integral of dimension 1 and
satisfies one of the following equivalent conditions:

1) SpecR is regular.

2) R, is a discrete valuation ring for maximal ideal p.

3) R is integrally closed.

First two conditions are local while the third is global. We need to check the third.

Theorem 5.3.2. Let R be an integral Noetherian ring. Then R is integrally closed if and
only if R, is integrally closed for every prime ideal p.
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Proof. Suppose R is integrally closed. Let p be a prime ideal, x € K is the fraction field of
R which is integrally closed over R,.

a

"+ a4+ . +a,=0, aiERp:{ﬁ

€K, 6¢p}-
ai_ainj;ﬁiﬁj

a; =

B /Bz B H]‘ ﬁj '

So assume 3; = 3; = [ without a loss of generality. So multiply through by 3",
Bz 4+ B a4y, = 0.

Equivalently
(Bx)" + ay(Bz)" P 4. 4+, =0,

so fx is integral over R. By assumption Sz € R since R is integrally closed, x = (1/8)R € R,.

Now in the other direction: Let x € K, integral over R. Thus x is integral over R, for
every p so x € R, for every p. Equivalently for any p there is an y ¢ p such that zy € R.
Let I ={y € R: yr € R}. Then I ¢ p for every p. This last condition implies that [ = R,
and thus z € R. ]

Theorem 5.3.3 (Unique Factorization Theorem for Dedekind Domains). Every ideal I in
a Dedekind domain can be decomposed in a unique way into a product of prime ideals.

Proposition 5.3.4. Let R be a Noetherian ring.

1. Let M be an R-module of finite type, then M = 0 if and only if Mp = 0 for every
prime ideal p.

2. Let ¢: My — My be a homomorphism between R-modules of finite type, then ¢ is bijec-
tive (respectively injective or surjective) if and only if ¢y: (M), — (Ma), is bijective
(respectively injective or surjective) for every p.

3. Let Ny, Ny be submodules of M of finite type, then Ny = Ny <= (N;), = (Na), for
every p.

Proof. For the first part, M, = 0 for all prime p, then Ann(M) ¢ p for every p, so 1 €
Ann(M). It follows that M = 0.
For the second part we apply the first part to ker ¢ and coker(¢) and use the fact

ker(¢), = ker(¢y), coker(¢), = coker(¢,).

For the last part, we apply the second part to the inclusion
d)liNlﬂNQCNl, ¢22N1QN2CN2

and use the fact
(N1 N Na)y = Nyp N No,.
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Now for a proof of the unique factorization theorem for Dedekind domains. For every
prime ideal p, I, is a non-zero ideal of R,. Thus there is n, € N such that [, = p,*. If n, >0
then I, C p, which implies I C p since p = AN p,). Since dim(A/I) =0, A/I is Artinian.
Thus A/ has only finitely many prime ideals containing I. In summary we have proven:

1) for every p: I, = p,", n, > 0.
2) ny, # 0 for only finitely many p.

Let J = Hp”". We want to prove I = J. By the proposition, we need only prove that
I, = J, for all prime p which is given by the following lemma:

Lemma 5.3.5. Let R be a Dedekind domain.
1. Let I, Iy two ideals of R then

(]112)p = (Il)p ) (12);3‘

2. If p1, po are two nontrivial prime ideals and p; # ps (p1 € P2, P2 & p1). Then
P1y, = P2, = K, where K is the fractional field of R.

We have proved the exitance part of the theorem. The uniqueness is left as an exercise.

Fractional ideals of Dedekind domain

Definition 5.3.6. Let R be a Dedekind domain. Let K denote the fraction field of R. By
a fractional ideal we mean a R-submodule / of K which is finitely generated over R. Thus
a fractional ideal can be written as

I:ZaiR, a; € R, ai:%y o, B € R.

By taking a denominator [ = %Z a;R (D ;R is a real ideal) so equivalently a fractional

ideal of R is an R-submodule I of K with the form [ = %J where a is a nonzero element of
R and J is an ideal of R.

Properties of fractional ideals. We can add two fractional ideals I; + . Also the
operation I - I makes the set of non-zero fractional ideals a free group over prime ideals
with unit R. We need only show the inverse does exist. In other words: for every ideal I
there is a fraction ideal J such that [ -J = R.

Proof of statement: Let J be a fractional ideal defined by J = {x € K: I C R}, so
I-J C R. We want to show [ -J = R.

Now to finish the proof of the statement: We need only show that I, - J, = R, for every
prime ideal p.

Jp:{%, aEJ,be,ép}:{xGK, xl, C R,}
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Now R, is a discrete valuation ring. If 7 is a uniformizer of R, then I, = (7") for some
integer n. It follows that J, = {# € K,xl, C R,} but x = ur™, m € Z, ur™" C R,,
m+n >0, take m = —n so J, = (7~"). Thus I, - J, = R, and we are done.

Let I(k) denote the group of all fractional ideals. When are two fractional ideals iso-
morphic? For any isomorphism ¢: I; — I, we can localize with respect to 0-ideal of

R.
6
(1) —= (I2))

l |

K — K
This is K-linear, K = R). So ¢y is given by multiplication of a = ¢(1). Thus ¢ is also
given by multiplication. Notice that al; = (a)l; for some a € K. So

1 — {principal ideals} — I — {isomorphic class of ideals} — 1.

The set of isomorphic classes of ideals of R is denoted by CI(R), and is called the ideal class
group of R. The group of nonzero principal fractional ideals is denoted by P. So we have
the exact sequence:

l1—P—1—ClR) — 1.

Historic remarks: Studying ideals was started from trying to solve Fermat’s Last Theo-
rem: zt + y¢ = 2¢, ¢ prime, ¢ > 3, z,y, z relative prime positive integers. Let e2™/¢ = ¢ then
we have decomposition

~
[asry

(z+E&y) = 2"

Il
=)

If R := Z[e*/*] is a UFD then one can show that the factors in the left hand side are
almost relatively coprime each other. Thus each of them is an /-th power. From this one
can easily obtain a contradiction. So Fermat’s theorem is true. If R is not a UFD, then one
can decompose both sides as product of prime ideals. One can show that CI(R) is finite and
the above argument still works if [ { |C1(R)|.

Some properties of fractional ideals

1) Moving lemma

2) Projectivity
I J=RalJ

1) Moving Lemma.

Lemma 5.3.7. Let pq,...,ps be a finite set of prime ideals. Then every ideal I is isomorphic
an ideal J which is not divided by the p;’s.

Proof. Write I = Hp p™. By Chinese remainder theorem, there is an a € K7, such that
a€ I a¢ I p,. Now it is easy to see that al satisfies the requirement of the lemma. [J

54



2) Projectivity.

Lemma 5.3.8. Let Q : M — I be a surjective map, where M 1is a finitely generated R-
module and I is a R-ideal. Then @) has a section: this means that there is a homomorphism
s: I — M such that Q) o s is the identity map.

Example 5.3.9. If I is the trivial ideal this lemma is easy. Indeed, let m € M such that
Q(m) = 1, then we can define s by s(z) = xm.

Notation: Let M, N be two R-modules. Hompg(M, N) is the set of R-homeomorphisms
from M to N. Then this set has a natural R-module structure: (Q1+Q2)(z) = Q1(x)+Q2(x),

if a € R, a@Q1(z) = a(Q:1(z)).
FEzercise 5.3.10. If M, N are of finite type then Hom(M, N) is of finite type.
Now it is easy to see that the Lemma is equivalent the surjectivity of the following
homomorphism of R-modules:
Hompg (I, M) — Homg(I, 1)

but this is true, as it is true locally. Indeed, locally R is a principal ideal domain.

3) Let I and J be two fractional ideals, then I & J ~ R® IJ.

g
70

Proof. Using the moving lemma, we may assume [ is an ideal, I = [[p;", n; > 0, J is an

ideal, p; 1 J for every i.

Now I + J = R because of localization. Now we have a surjection ¢ : I & J — R given
by (z,y) — x 4+ y. Since this map is surjective, there is a section. To finish the proof, we
need discuss the wedge product. ]

The wedge product. Let V be an R-module of rank 2. (V, ~ Rg for every p, i.e. locally
it is a 2-dimensional space.) Define det(V) = V AV, the quotient of the free R-module
generated by V' x V modulo the following relations:
(az,y) = (z,ay) = a(z,y)
(z,y) = =(y, )
In practice: det(V') is an R-module characterized by the following property:
1)V xV -2 VAV = det(V) such that

¢laz,y) = ¢(x,ay) = ¢(z,y),
¢($, y) = _¢(y7 [L’)

2) det(V') is universal wih respect to property (1): If ¥: V x V' — W satisfies 1) then
there exists unique f: det(V) — W such that ¢ = f o ¢.

We use this to show I} & I, = R&® I[11,. We have already shown I; & I, = R& J for some
J. Left: (i) J is an ideal (easy), (ii) det(ly @& Iy) = Iy - Iy, (iii) det(l; @ I3) = det(R @ J).

Prove (i)-(iii) as an exercise.
Corollary 5.3.11. Every ideal I of R is generated by two elements.
Proof. I® ' ~R®II™' = R® R. Therefore 3 R? — 1. O
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5.4 Modules over Dedekind domain

Let M be a finitely generated module over a Dedekind domain R. The torsion submodule
of M is defined to be:

My ={x € M:3r € R,r #0,rx =0}.

Equivalently, the M,,, is the kernel of the natural homomorphism from M to the localization
Moy at the 0-ideal of R:

0— Mo, — M SN M o).

Write K = Ry and Mgy = Mg. Then My is a K-vector space of finite dimension, say n.
Let M’ be the image of 7, then

0 — My — M — M — 0, M — K",

and M’ has no torsion. If M is not torsion, then n # 0, then we have the projection K™ — K
onto the first factor. Let N be the image of M’ of this projection. Then N is a nonzero
fractional ideal of R. We thus have

Lemma 5.4.1. If M) # 0 (i.e. M # M) then there is a surjective map M — N with N
a fractional ideal of R.

Since N is projective, M — N has a section, whence M = M; & N.
Continuing this argument for M, if M; is not torsion. .. Eventually, after n steps (n =
dimg M(p)) we have
M:Mtor@]—l@IQ@-u@[n-
Now apply the fact I & I, = R @ I, 1, then we may assume M ~ M,,. & R"! @® I where
I is an ideal of R (if M is not torsion). What remains is to study the structure of M.
Since My, is finitely generated, there exists © € R, x # 0 such that xM,. = 0. Therefore

(Mior)p = 0 if x ¢ p (equivalently, p 1 (z)). It follows that (M), = 0 for all but finitely
many p ((x) = [[p™). Now by localization principal, the natural homomorphism

Mtor — @(Mtor)p
p

is actually an isomorphism. This is because p; # po implies p1+ps = R whence ((Mior )p, )p =
It remains to study the structure of (M, ),. It is an Ry-module, R,=DVR.

Lemma 5.4.2. Let R be a discrete valuation ring. Let N be a finitely generated torsion
R-module, then

k
N:@R/W"i, n; > 0.
i=0
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Proof. Let k = R/m, (r) = maximal ideal of R, then N/mN is a finite dimensional k-vector
space. Let zy,...,x; be elements of N such that their images in N/mN generate N/mN
over k. By Nakayama’s lemma x1,...,x; generate N. Thus we have a surjective map

R 5N 0, ker ¢ is an R-module without torsion.
By what we have proved for non-torsion modules over Dedekind domain: ker ¢ ~ R™1 @
I, I an R-ideal but R is PID, hence I ~ R. Thus we have an exact sequence

00— R™ % Rl— N —0.
Claim 5.4.3. m =t.

Proof. Localize at (0)-ideal. Since N is torsion, N = 0, Rfg) = Rfo) and R = k (vector
spaces). Thus m = t. O

t
Putting R' = Z Re;, o is given by a t x ¢t matrix A with entries a;; in R: a(e;) = Y a;je;.
i=1
Now, for two automorphism u and v of R!, one has commutative diagram:

0 Rt —% 5 R! s N s 0

I

0 N A - y N y 0

(change of basis). If u,v are given by invertible ¢ x ¢ matrices B and C' in R, then uaw is
given by BAC.

In summary,

1) The structure of N is determined by A (it is the cokernel).

2) The abstract structure of N doesn’t change if A is replaced by BAC where B, C' are
invertible ¢ X ¢ matrices over R.

Three operations for rows (and columns) are thus allowed to determined the structure of
N: (i) Switch row. (ii) Multiply one row by an element in R*. (iii) Add R-multiple of one
row to another row.

Lemma 5.4.4. There exist matrices B, C' such that

a0 0
0 7™ ... 0
BAC = . L R ny <ng < ... < ny.
0 0 sk
Moreover, {ny,...,n} are uniquely determined.
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Proof.

ai;; a1 ... QAip

o1 Q929 ... Q9pn
A=

Ap1 Ap2 ... QApp

(Remark: A may not be invertible in R but it is invertible in K, where A has a non-zero
entry.)

Let ny = minwv(a;;) = v(aiyj,). After switching rows and columns, we may assume that
ip =1, jo = 1. Thus every a;; is a multiple of a;; (in R!), a;; = w - 7™, multiply row 1 by
u™!, then may assume aj; = ™. Performing operation (iii) on rows and columns, we may
assume that a;p = 0 = a; for every k. So A is transformed to

a0 0
0  ax Q2n,
0 (79] Apn

a;; € R, 7 | a;;. Continue this argument.

Ezercise 5.4.5. Prove the uniqueness of ny < n, < ... < ny.
O
Apply to find the structure of N
0— R SR — N —0
with A = diag(7™, ..., 7™), i.e. Ae; = ;.
We obtain
R " R
gmR T puR
and we are done. n
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Chapter 6

Curves

6.1 Number fields

Definition 6.1.1. A field K is called a number field, if it is a finite extension of Q.

Definition 6.1.2. The integral closure of Z in K is called the ring of integers of K and is
denoted by Ok-.

Ok = {zx € K: 3 amonic p(T") € Z[T] such that p(z) = 0}.

Theorem 6.1.3. Let K be a number field (K O Q, [K: Q] < o). Let O be the ring of
integers in K. Then:

1. Ok is Noetherian (O is a free Z module of rank n = [K: Q]).
2. Ok is a Dedekind domain (dimension 1 and integrally closed).

3. The set |SpecOk| of closed points are in 1—1 correspondence to discrete valuations of

K.
4. Ok is the unique subring of K that satisfies 1), 2) and 3).

Recall z € K is integral over Z if and only if Z[z] is a Z-module of finite type.

Part 1

The idea of the proof. (a) The theorem is true for K = Q. (b) We want to include Ok in a
finite Z-submodule of K. This will imply O is Noetherian. It is easy to find a submodule
M of Ok such that M over Z is free of rank [K: Q]. Say [K: Q] =n. K =", Qu,
x; € K, x; may not be integral over Z but n;z; will be integral over Z for some n; € N. So
we may take M =) . Zx;.

We need to define some pairing then we can find the dual M" of M such that M C Ok C
MY, where MV is also free over Z of rank n.
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We have Q — K =" Qu;. For z € K, zx; = Y a;j(x)x;, aij € Q. . — A(x) = (a;;)
is an n X n matrix.

P.(T) = det(T — A(x)) € QT],  Py(x) =0
tr(z) = tr(A(z)) € Q,
v(xz) =det(A(x)) € Q.

We can define a pairing K x K — Q via (z,y) — tr(zy). Now

1) (az,y) = (z,ay) = a(z,y) if a € Q,

2) the pairing is non-degenerate, that is if (x,y) = 0 for every y then x = 0. (Proof: if
x # 0 let y = 1/z, then tr(zy) = tr(1) =n #0.)

3) (2 +9,2) = (2,2) + (1, 2).

O

Definition 6.1.4. If M — K is a submodule then we define the dual of M by MY = {x €
K:(x,y)€eZVy e M}.

Lemma 6.1.5. 1) O}, D Ok or, equivalently, tr(x,y) € Z for all x,y € O.
2) If M D N then MY C NV.
3) If M/Z is free of rank [K: Q] then MY /Z is also free of rank [K : Q).

(Note that x € K is integral over Z if and only if P,(7T") is monic. Show this as an
exercise.)

Write M = )"  Zz;, = K =Y ,Quz;. The pairing is non-degenerate. This means
(z,y) = 0 for every y implies x = 0. We have K — Homg(K,Q) via z — (y — (y,)).
This non-degeneracy implies a perfect pairing, i.e. K ~ Homg(K,Q). If K = "1  Qu;,
Homg(K,Q) = >, Ql;, where

1, ifi=j,

There are z € K such that ] — [;, or in other words (2}, ;) = d;;.
Claim 6.1.6. M" = Za].
i=0

Proof. If o € MY then a = ) a2}, a; € Q, tr(a;) € Z if and only if tr(ax;) € Z if and only
if > aitr(x}, x;) € Z, if and only if a; € Z for all i. O

Now we will go back to the proof of the first part of Theorem 6.1.3. We have proved that
Ok contains an M, free over Z of rank [M : Z]. Take the dual O}, < M" also O — O}, —
MY so Ok — MY, thus Ok is a submodule of a module over Z which is finitely generated
as a Z-module. As Z is Noetherian, O is finitely generated over Z so O is Noetherian by
the Hilbert basis theorem. Actually we showed that Ok as a finite Z-module.
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Part 2
Lemma 6.1.7. The ring Ok is integrally closed.

Proof. Let x € K, x is integral over Og. Show z is integral over Z. x is integral over O if
and only if Ok|[z] is finite over Ok which implies Og|z] is finite over Z as Ok /Z is finite so
Z[z] is finite over Z because Z[z] C Ok. O

Lemma 6.1.8. Ok is a Dedekind domain.

Proof. We need only show that O is of dimension 1. Z — Oy, Ok /Z is finitely generated.
Let p be a non-zero prime ideal of Ox. We want to show p is maximal.

Lemma 6.1.9. pNZ # (.

Proof. x € p, thus z/Z is integral so " +a;2" ' +...+a, = 0 where a,, € Z, a,, € p because
everything else is in p. O]

Now we have Z — O — Ok/p, Z/(p NZ) — Ok/p — integral ring (we want
this to be a field). Thus p N Z is a non-zero prime ideal (p). Write F' = Og/p, and
Z/(pNZ) =T, = Z/pZ. We have the embedding of integral rings F, — F, F//F, is finite
= F'is a field (since I, is a field if and only if F' is a field when F'/F, is finite). Thus p
is maximal. [

Ezercise 6.1.10. Show that Z[e*"/"] is regular.

Hint: Use the local integral condition, and consider the case n = p, p is a prime.

Part 3

Proof (continuation). Let v: K* — Z be one discrete valuation. Let R be the correspondent
discrete valuation ring. We want to show that R = O, (localization of O at a prime ideal
p). Let m be the maximal ideal of R.

Recall that R is integraly closed, thus it include O which is integrally closed over Z.
We have the following commutative diagram:

OK — R

| !

Thus m N O is a prime ideal. Claim: m N Ok # (0). If m N Ok = (0) then if z € Ok,
x # 0,z ¢ mthen (1/z) € R, thus K — R — K. This is impossible since the valuation is
assumed to be non-trivial. So p := m N O is a prime ideal of Ok. Since every element in
Ok \ p is invertible in R, R includes the localoization O, of Ok. Notice that Ok, its self
is integrally local ring, thus is a discrete valuation ring. We then must have R = Ok, by
the following lemma. O
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Lemma 6.1.11. Let Ry, Ry be two discrete valuation rings with the same fraction field K.
Assume Ry C R, then Ry = R».

The proof is left to the reader as an exercise.

FEzercise 6.1.12. Prove part 4).

Quadratic fields

Let K be a quadratic extension of @, namely an extension of Q with degree [K: Q] = 2. We
can to describe Ok explicitly.

Let « € K —Q, then Q(«a) # Q and Q(«a) — K. It follows that K = Q(«) and a will
satisfy the equation

22+ ar+b=0, a,be Q.

Replacing o by o — (a/2) (o — (a/2) ¢ Q), we may assume a = 0. In other words K
b
has the form Q(v/a). If d = % = Z_Q’ then Q(vd) = Q(vab). Tt follows that K can be
written as Q(\/E) with a unique square free d € Z. Every a € K can be written uniquely as
(X:l'—Fy\/E, 557y€@
If @ ¢ Q then the minimal equation of o over Q is

T? + 22T + (2* + Dy?) = 0.

Thus « is integral over Z if and only if 22 € Z and 2% + Dy? € Z. Modulo Z, z = 0 or
r =1/2. Thus Dy* € Z or (1/4) — Dy* € Z. If Dy*> € Z then y € Z. If (1/4) — Dy* € Z,
then let y = a/b with b > 1, (a,b) = 1,

1 D 4a®D
Stz € 7, thus C;)z

R e Z.

Thus one must has b = 2, and then

1—a?D
4

€ Z.

Now 2fa, Ifa=2N+1,a>=1 (mod 4). So D =1 (mod 4).
We have shown

Theorem 6.1.13.

7+ 7N D, D#1 (mod 4)
O = Z+Z(1_\/ﬁ>, D=1 (mod 4)

2
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6.2 Function fields

Let k be a field. Let K be an extension of k. Assume that K/k is finitely generated and
trdeg K/k = 1, and that k is algebraically closed in K. If p := chark > 0, we assume that
k is perfect: kP = k.

Theorem 6.2.1. There is a curve X such that
1. Function field of X is K.
2. X s reqular.
3. | X|= set of closed points is in 1—1 correspondence with the discrete valuations of K.

4. X is maximal with properties 1, 2 and is unique with respect to 1-3.

Preliminary Field Theory

Let L/K be a finite extension of fields, [L: K| < co. We can define tr: L — K, and a
pairing (,): L x L — K where (z,y) — tr(zy).

Definition 6.2.2. We say L/K is separable if the pairing (,) is non-degenerate. That is
(z,y) = 0 for all y implies = = 0.

Theorem 6.2.3. Let K/k be as before. Then there is a T € K transcendental over k such
that K/k(T) is separable.

Ezxercise 6.2.4. If L/K is inseparable then
1. char(K) =p >0 (p prime, p =0 in K).
2. p|[L: KJ.
FExample 6.2.5. Here is a typical xxample of inseparable extension:

F,(T) < F, (T"/?).

Main construction

Before we considered

K +— OK
T T
Q «+— Z

where O is a ring of integers and is the integral closure of Z in K.
In the function field case, we take K is a separable extension of a subfield k(7"). Theorem
6.2.1 is true for k(T) with X = P* = Projk|[zg, z1] and z1 /20 =T.
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Now consider the diagram

K[Io,l’ﬂ — S

T T

k(T)xo,v1] «—  Kklxo, 7]

where S is the integral closure of k[zg, 21| in K[xg,x1].

Some properties of S

1. S is Noetherian, because K/k(T) is separable, by the same proof for O in the number
field case.

2. Define a grading on K|z, 1] where dega = 0 if a € K, degzg = degz; = 1. Then S
is a graded ring.

Now X := ProjS will satisfy the requirements of the theorem. More precisely, we may
reduced the arguments to affine case as follows: let f: ProjS = X — Projk[xg, 1] = P!
be the natural projection and cover P! by open affines U = Speck[1/T]| and Speck[T] =V,
then X is covered by f~*(U) =Y, f~4V) = Z.

Y ¢ X DO Z
{ Lf 1
U ¢ Pt OV

From the construction, one can show that

Y = Spec(integral closure of k[T] in K) = SpecS[1/xo)"
7 = Spec(integral closure of k[1/T] in K) = SpecS[1/x,]%°.

Proof of Theorem 6.2.3

The theorem is trivial if the characteristic of K is 0. Now we assume char(K) = p > 0. We
want to prove the theorem. First a few preparations:

1) We can extend the definition of separability. Let K be a field. Let A be a finite
K-algebra, we can define trace A x A — K via (z,y) — tr(zy). We say A/K is separable
if and only if the pairing (,) is non-degenerate.

Example 6.2.6. K = F,(T?), L = F,(T") — this is not separable. This is because L has a
basis 1,7,7?,..., TP~ and T" satisfies the minimal equation x? — (TP)" = 0.

Let {1,...,z,} be a base of A over K. Then A/K is separable if and only if det(tr(z; -

x;)) # 0. This follows from the formula:

(Z CiT;, Z djxj> = Z cidjtr(z;x;).

( .3
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2) Separability is unchanged after base change. Let M, N be A-modules, we can define
another A-module M ®4 N. If B is an A-algebra and M is an A-module then M ® 4 B is a
B-module. Let A be a K-algebra and let L be a field containing K. Then A ®x L will be
an L-algebra. A =) Kux;. Since its an algebra z;2; = ) a;jpxp. A®kx L =) La;.

Lemma 6.2.7. A/K is separable if and only if (A® L)/L is separable.

Proof. Both are equivalent to the fact that det(tr(x;z;)) # 0. O

3) Criterion of separability when K is algebraically closed:

Lemma 6.2.8. If A is a finite K-algebra then A = ®A;, where A; are local K-algebras and
A; = K ® M; and M; is a nilpotent A;-ideal.

Lemma 6.2.9. Let A, B, be two K-algebras. Then (A ® B)/K is separable if and only if
A/K, B/K are separable.

Lemma 6.2.10. Let A be a local finite K-algebra with K = K. Then A/K is separable if
and only if A =K.

Proof. Write A = K +m. Let x € m, then for any a € A, ax € m thus ax is nilpotent. Thus
(ax)™ =0 so tr(ax) =0 = (a,z) =0 for all a. So A/K is separable implies A = K. (Note
that if matrix is nilpotent its trace is 0.) O]

Exercise 6.2.11. Let A be a n x n matrix over a field K. Then if A™ = 0 for some m then
tr(A) = 0.

Combine all above, we have the following:

Theorem 6.2.12. Let A be a finite K-algebra. Then A/K is separable if and only if A®@ K
is reduced, i.e., it has no nonzero nilpotent element.

We have the following corollaries:

Corollary 6.2.13. Let L D F D K be a finite field extensions. Then L/K is separable iff
L/F is separable and F/K is separable.

Corollary 6.2.14. Let L/K be a finite field extension which is generated by two subfield
extensions Fy, Fy (K C F; C L, L is generated by Fy, Fy). Then L/K is separable if and
only if F1/K, F5/K are both separable.

Corollary 6.2.15. Let L be a finite field extension of K which is generated by a single x € L
(L= K(x)). Then L/K is separable if and only if the minimal equation of x over K is not
of the form F(TP), p = char(K).
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Proof. Write L = K[T]/G(T) where G is the minimal polynomial of z. Take a decomposi-
tion,
!
G(T)=]](x— )™, weK.
i=0
Then

KT L ET
(Moofe—an) a0

Here in the last step, we have used the Chinese Remainder Theorem: Let py, po be two ideals
in a ring R, such that p; +py = R and py - po = 0. Then A = (R/p1) ® (R/p2).

Thus (L ® K)/Kis reduced if and only if n; = 1. So L/K is separable if and only if G(T')
has no multiple zeros. This is equivalent to G(7") and G'(T") have no common zeros <=
G(T)t1G'(T) < G'(T) # 0. Now suppose G(T) = > a,T", G'(T) = > ia,T" ', ia; = 0 (in
K)<i=0ifa; #0<=pl|iifa; # 0 <= G(T) = F(T?) for some F. O

L® K = K[T)/G(T) =

As a consequence, for a finite extension L/K there is a maximal subfield L' of L such
that L'/ K is separable. We call L’ the separable closure of K in L.

If € L, x ¢ L' then x is not separable, so the minimal equation of x on K has the form
P(t7") where ¢ > 1 and P(X) is not of the form Q(¢?) (i.e. ¢ maximal). Thus #* is separable
over K, sotP € L.

Definition 6.2.16. [L : L'] is called the degree of inseparability of [L : K| (some power of
p).

Proof of Theorem 6.2.5. Choose t € K such that the degree of inseparability of K/k(t) is
minimal. Want to show K/k(t) is already separable. Let L be the separable closure of k()
in K.

Assume K/k(t) is not separable. Then we have an v € K\ L such that «” € L. Then we
have that u/k is transcendental, and that the minimal equation of u over k(t) has the form
F(a2P) = 0 with F(z) =3, a;(t)a" € k(t)[z]. Clean the denominators and take a non-trivial
factor to obtain an irreducible F'(z) = G(z,t) € k[t, z]. Thus we have G(t,u”) = 0.

Claim 6.2.17. This equation is not an equation of tP.

Indeed, otherwise, every monomial is of power of p, so G(t,u?) = [G*(t,u)]" (charp).
Therefore G*(t,u) = 0, so G(t, u) is not minimal. This proves the claim. Hence ¢ is separable
over k(u).

If L/ is the separable closure of k(u) then ¢ € L’ which implies L C L. We now have:
Inseparability degree of K/k(u) is [K : L'] < [K : L], which contradicts with minimality of
inseparability degree of K/k(t). Thus K/k(t) is separable. O

FEzercise 6.2.18. Let F(X,Y) € k[X,Y] be an irreducible polynomial. Then F(X,Y) is
irreducible in k(X)[Y].
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6.3 Algebraic curves

Definition 6.3.1. Let k = k be an algebraic closed field.

1. By a projective curve over k we mean X = ProjS, where S is an integral, graded,
finitely generated k-algebra with dim X = 1.

2. By the function field of X we mean

K(X)= {g | f, g homogenoeus of same degree}

K (X)/FE is finitely generated, trdeg K(X)/k = 1.

3. Assume S is generated by x4, ...,x, homogeneous. Then X is covered by SpecS?xi),
where

X
S?x.) = {L) | f homogeneous, deg f = n deg xl} C K(X).
2 ./I:?

4. For every € X we may define the local ring O, C K(X) as follows: Let z € SpecS?xi).
Then z corresponds to a prime ideal p of S?xi). Then put

Ox = (50)

Alternatively, x corresponds to a homogeneous prime ideal q in S, O, = S?q).

5. We may say that X is regular if O, is regular for every x € X. Equivalently, O, is a
discrete valuation ring in K (if = # (0)).

Theorem 6.3.2. There is a 1—1 correspondence between the set of closed points |X| and
the set of discrete valuations of K(X).

The correspondence X — K (X) gives a bijection between the “set” of regular projective
curves over k and the set of extensions of £ which are finitely generated of transcendental
degree 1.

Ezample 6.3.3. k(t) +— P

k (t, VEE— 1)t —2)(t - 3)) s Py = t(t — 5)(t — 25)(t — 3s)

in P2, s — homogenizer. Exercise: show that this curve is regular.

Moreover, if K(X;) < K(X,) we can define ¢: Xy — X;. Moreover each point © € X5
gives a discrete valuation ring R, C K(X3). The intersection R, N K(X;) is a discrete
valuation ring in K'(X;), so it is equal to R, for some y € X;. Define y = ¢(x). For y € X;

¢ Hy) = ‘Spec(int. closure of R, in K(X5)) ‘
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Zeros and poles of functions on curves

Let X be a regular projective curve. Let f € K(X). Let x € X with local ring O, (i.e. O, is
a discrete valuation ring in K (X)). Let 7 be a uniformizer of O, (we call 7 a uniformizer for
x as well). We can write f = un”, u € OF (K(X) = Frac(O,)). Then we put ord,(f) =n
(the order of f at x).

If ord,(f) =n > 0, we say z is a zero of f of order n.

If ord,(f) = —n > 0, we say x is a pole of f of order n.

If ord,(f) =n > 0, we say f is reqular at x.

If ord,(f) = 0, we say f is invertible at x (regular and nonzero).

Ezample 6.3.4. X =P', K(X) =k(t). Let a € P! = CU {oc}. Then

k[t] (t—a)> if a 7é o0,
= 1
O k {—} , if a = oo.
(0)
Let f € k(t), then
t n
t H (t —a;)™, o; € 7.
1=0
o, lf a = a;,
ord,(f) = —Zai, if a = oo,
0 otherwise.

Two facts for P!
1. If f € K(P') = k(t) is invertible everywhere, then f is a constant.

2.

We will prove these facts hold for any projective curve.

Theorem 6.3.5. Let X be a projective reqular curve over an algebraically closed field k. Let
f € K(x) be a non-zero rational function. Then

1. ord,(f) =0 for almost all x € | X]|.

2. >, ord,(f)=0.
3. If ord,(f) =0 for all x then f is constant, i.e. f € k.
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Proof. 1) We can cover X by finitely many affine schemes U; = SpecA; with A; a Dedekind
domain. Then K (X) is also the function field of A;. Write (f) =[], p;*, n; € Z, p; prime
ideals in A;. If p; corresponds to a point x; in X, then n; = ord,,(f). Thus on each U;, f
has only finitely many zeroes or poles.

2) and 3) If f ¢ k then f is transcendental over k. Let L = k(f) — K(X). This induces a

map X 9, P! such that f=Q*T) :=ToQ. Thus Q is surjective. Moreover for each point
y in P*, Q71(y) is the set of z such that the valuations corresponding to z in K = K(X)
induce the valuation corresponding to y in L. The theorem follows from the following claim:

[K : Ljord,(T) =) _ordy(f).

T—Y

It is clear that both all terms are zero (resp. positive, resp. negative) when y # 0, 0o (resp.
y = 0, resp. y = o0). Thus we need only work on when y = 0 and y = oo. Change
coordinates T' — 1/T', we may switch 0 and co. Thus need only work on y = 0.

Let R be the valuation ring in L corresponding to y = 0. Then 7' = f is a uniformizer,
and ord,(7') = 1. Let A be the integral closure of R in K. Then A is a free k-module of
rank [K : L] and @ '(y) equals the set of all primes in A. Then A is a free R-module of
rank n := [L : K|. Thus we have A~ R" and A/fA ~ (R/fR)". Write

fA=TTpmo0,

Then by Chinese remainder theorem,

A/H pordp(f)A = @ A/pordp(f)
p

Thus we have shown that

n = dim(R/fR)" = dimA/H pords(7) 4 = > dimA/pordp<f> = ordy(f).
p p

Recall that if R is a Dedekind domain we have
0 — {principal ideals} — {fractional ideals} — {ideal class group} — 0.

0 — R* — KX — {principal ideals} — 0, f—(f).

Analogue for curve X

The group of divisors on X is a free Abelian group generated by points in X,

Div(X) = {D = an n, €7,z € |X|} :
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For a divisor D = ) n;x; we denote n; = ord,, (D).
A divisor D is called principal if D = ) _ord,(f)z for some function f in K(X). We
denote by Pr(X) the subgroup of principal divisors in Div(X). The factor group

Div(X) /Pr (x)

is known as the Picard group of X.
0 — Pr(X) — Div(X) — Pic(X) — 0.

The degree of a divisor D = Y n,z; is defined by deg D = Y, n;. We denote by Div’(X)
the subgroup of the divisors of zero degree. We have the following exact sequences:

0 — Div’(X) — Div(X) deg 5, 0,

0 — Pr(X) — Div’(X) — Pic’(X) — 0.

Pic’(X) is known as the Jacobian variety of X.

0 — Pic?(X) — Pic(X) — Z — 0

0— k" — K* —Pr(X) —0,  fr— > ord,(f)[z].

Theorem 6.3.6. Pic’(X) has a natural variety structure which is connected of dimension
2g, where g is the genus of X.

The Jacobian variety Pic®(X) = CY/A, where A is a Z-lattice of rank 2g in CY.

Ezample 6.3.7. X = P!,
Pic’(X) = V(X fp ) = 0.

Proof. Let D = > n;«a; be a zero degree divisor. Define f = [[(z — «;) taking product over
all a; # oo. Thus D is the principal divisor corresponding to f. ]

6.4 Differentials

Let A < B be rings. The set of differentials {2p/4 is a free B-module generated by “dB”
modulo Leibniz relations:

dab =adb+bda, d(a+b)=da+db, da=0 if a€ A

There is a map d: B — (g4, satisfies Leibniz rule.

Universal Property of the map B N Qp/a: Let M be a B-module, let §: B — M be
a homomorphism of A-modules, such that d(ab) = ad(b) + bd(a). Then there is a unique
B-module homomorphism Q: 25/4 — M such that § = Q od.
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Proposition 6.4.1. Let K be a function field of an algebraic curve over an algebraically
closed field k, then Qg is a free K-module of rank 1.

Proof. There is a T' € k such that T is transcendental over k and K/k(T') is algebraic and
separable.
Claim 6.4.2. K -dT' = Q.

Construct a differential map K — K dT. Let © € K, let p(T,S) € k(T,S5) be the
irreducible minimal polynomial for x in k(7). Since p(T,x) =0, dp(T,z) = 0, so

dp dp ,

in Q. Since K/k(T') is separable then dp/0x # 0. So

9p

dr = %—T dT.
op
ox

Define d: K — K dT by the formula above. Then d really satisfies Leibniz rule and the
universal property of Qg ;. Therefore K - dT' = Qpy. ]

We have:

d
0 — Div’(X) — Div(X) S8 Z — 0,
0 — Pr(X) — Div(X) — Pic(X) — 0,
0 — Pr(X) — Div’(X) — Pic’(X) — 0.

Let dT' € Qg be a generator. Let z € X be a point with a local parameter 7. T =
> a,m™, a, € K the Taylor expansion,

drl’
dT = | Y na,m" | d — e K¥
(nnaw ) T, dﬁe ,

so dm # 0.

Let o € Qi be a nonzero differential, then we define formally

a
Di = dx )
iv(a) %: or (d%) x

where 7, is a local parameter at z. We will show that the right hand side has only finitely
many nonzero terms and this defines a divisor. The divisor of this class does not depend on
the choice of a:

div(fa) = div(f) + div(a).

divisor class is called the canonical divisor class, and is denoted by K.
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For example when X = P! with affine coordinate T', dT is a differential with no-zero or
pole in the finite point, at the infinite point, it has local parameter 7 = 1/7". Thus

dT = d(n™ ') = -7 2dnr.

Thus div(dT) = —20c0.
Let @ : X — Y be a morphism of curves, we define formally

DiV(Qx/y> = Z Ordx(QOI/OQ(Z)MJZ]

We want to show that this is a finite sum and this defines a divisor. Cover X = |, SpecB;,

QBi/Ai - @ Om/ﬂgm

rE€SpecB;

is a torsion B;-module. Here ng = ord,Qgija, n, = 0 for almost all z. Thus Qx,y is a
divisor. The divisor div(§2x,y) is called the ramification divisor for the map @: X — Y and
is denoted by Ry y.

Let @ : X — Y be a morphism of curves and let y € Y, we define Q* : Div(Y') — Div(X)

such that
Q (y) = Y ordy(m)[a]
Ty
For each y € Y, write Q@ '(y) = @1,...,x,. ™ = uniformizer of O,, m; = uniformizer of ;,

m=][7;" (units), e; — 1 is called the ramification index. One has ) e; = n.
We say Q: X — Y is tamely ramified if for any z € X pte(x).
Formula: if @) is tamely ramified then

Rxyy =) (e(x) = 1)

xT

Proof. Let y be an image of z, O, — O, with the local coordinates 7, and 7, respectively.
The Taylor expansion m, = méa = 7¢ + a;mét + ... leads to

dmy = (67T;+1 + .. .)d7r$ = 7rffl (e + e+ .. .)dﬂz.
Therefore ord,(dm,) = e — 1 but ord,(dm,) = 0, so ord, Ry/y = ord,(dm,). O

Theorem 6.4.3. Let Q: X — Y be a separable morphism, let a be a non-zero differential
onY, then

div(Q*a) = Q* (div(a)) +div (Qxy) -
and every item in the equality is finite.

Proof. The first part can be proved locally. For the finiteness of div(a) for any a € Qy
follows from the equation in the theorem as we may apply it to X — P!, O
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Definition 6.4.4. The genus g(X) of X is an integer defined by
2g(X) — 2 = deg(div(a)) = deg Kx.
Corollary 6.4.5 (Hurwitz formula).
29(X) —2=deg Q- (29(Y) — 2) + deg Ryy.

Ezample 6.4.6. P' = kU {co}. If 2 € k then d(T — z) = dT, so ord,(dT) =0 if z € k. If
x = oo we have a local coordinate mo, = 1/T, so T = 1/7,, and

dT = d (i) L

Too 72
Thus ordy (dT") = —2, div(dT) = —2(c0) and 2g — 2 = —2. Therefore the genus g = 0.

Example 6.4.7. y* = x(x — 1)(z — 2)(z — 3). Show Q: X — P! is smooth everywhere except
x =0,1,2,3 where e = 2. Note deg@ = 2. Assume () is tamely ramified. Then for the
genus we have

29(X) —2=degQ(29(P") —2) + > (e, —1) =2(-2) +4 =0,
so g(X) =1.

Final exam problems
1. Show that R = Z[e*""/?] is regular for p prime by the following steps:

Step 1 Let K = Q(e*™/?), we want to show R = Og. We have a pairing K x K — Q.
For M C K a Z-module of rank [K : Q], define the discriminant dis(M) € Q*.
Show that dis(M) € Z if M is a subalgebra.

Step 2 If My C M, then dis(Ms) | dis(M;), and p 1 dis(M;)/ dis(Ms) then M, = M,
This implies that if p t dis(R) then R, = Ok.

Step 3 Show that R, is a discrete valuation ring if p | dis(R) then we are done.

2. Let f(x,y,z) be a homogeneous polynomial of degree d. Compute the Hilbert polyno-
mial of S = Clz,y, z]/(f).

3. Let A be a ring, m,n € N and let : A™ — A" be an injective homomorphism of
A-modules. Prove m < n in the following steps:

Step 1 Express @) by a matrix A = (a;;):

ayy ... Qum

Ap1 - .- QApm

There exists p prime, Ja;; such that a;; ¢ p. By localization principle, we may
replace A by A, and then assume that A is local and that a;; is invertible.

73



Step 2 Assume that A is local and a;; is invertible. By doing row-column operations so
we get the following m x n matrix

10 ... 0
0 b22 e bgm
0 bne ... bum

This step reduces claim for an injective morphism A™ — A™ to an injective
morphism A™1 — An~L
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